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Preface

First, let us explain the precise meaning of the compressed title. The word
“eigenvalues” means the first nontrivial Neumann or Dirichlet eigenvalues,
or the principal eigenvalues. The word “inequalities” means the Poincaré
inequalities, the logarithmic Sobolev inequalities, the Nash inequalities, and so
on. Actually, the first eigenvalues can be described by some Poincaré inequali-
ties, and so the second topic has a wider range than the first one. Next, for
a Markov process, corresponding to its operator, each inequality describes a
type of ergodicity. Thus, study of the inequalities and their relations provides
a way to develop the ergodic theory for Markov processes. Due to these facts,
from a probabilistic point of view, the book can also be regarded as a study
of “ergodic convergence rates of Markov processes,” which could serve as an
alternative title of the book. However, this book is aimed at a larger class of
readers, not only probabilists.

The importance of these topics should be obvious. On the one hand, the
first eigenvalue is the leading term in the spectrum, which plays an important
role in almost every branch of mathematics. On the other hand, the ergodic
convergence rates constitute a recent research area in the theory of Markov
processes. This study has a very wide range of applications. In particular,
it provides a tool to describe the phase transitions and the effectiveness of
random algorithms, which are now a very fashionable research area.

This book surveys, in a popular way, the main progress made in the field
by our group. It consists of ten chapters plus two appendixes. The first chap-
ter is an overview of the second to the eighth ones. Mainly, we study several
different inequalities or different types of convergence by using three mathe-
matical tools: a probabilistic tool, the coupling methods (Chapters 2 and 3);
a generalized Cheeger’s method originating in Riemannian geometry (Chap-
ter 4); and an approach coming from potential theory and harmonic analysis
(Chapters 6 and 7). The explicit criteria for different types of convergence
and the explicit estimates of the convergence rates (or the optimal constants
in the inequalities) in dimension one are given in Chapters 5 and 6; some
generalizations are given in Chapter 7. The proofs of a diagram of nine types
of ergodicity (Theorem 1.9) are presented in Chapter 8. Very often, we deal
with one-dimensional elliptic operators or tridiagonal matrices (which can be
infinite) in detail, but we also handle general differential and integral oper-
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ators. To avoid heavy technical details, some proofs are split among several
locations in the text. This also provides different views of the same problem
at different levels. The topics of the last two chapters (9 and 10) are different
but closely related. Chapter 9 surveys the study of a class of interacting par-
ticle systems (from which a large part of the problems studied in this book
are motivated), and illustrates some applications. In the last chapter, one can
see an interesting application of the first eigenvalue, its eigenfunctions, and
an ergodic theorem to stochastic models of economics. Some related open
problems are included in each chapter. Moreover, an effort is made to make
each chapter, except the first one, more or less self-contained. Thus, once
one has read about the program in Chapter 1, one may freely go on to the
other chapters. The main exception is Chapter 3, which depends heavily on
Chapter 2. As usual, a quick way to get an impression about what is done in
the book is to look at the summaries given at the beginning of each chapter.

One should not be disappointed if one cannot find an answer in the book
for one’s own model. The complete solutions to our problems have only re-
cently been obtained in dimension one. Nevertheless, it is hoped that the
three methods studied in the book will be helpful. Each method has its own
advantages and disadvantages. In principle, the coupling method can produce
sharper estimates than the other two methods, but additional work is required
to figure out a suitable coupling and, more seriously, a good distance. The
Cheeger and capacitary methods work in a very general setup and are powerful
qualitatively, but they leave the estimation of isoperimetric constants to the
reader. The last task is usually quite hard in higher-dimensional situations.

This book serves as an introduction to a developing field. We emphasize
the ideas through simple examples rather than technical proofs, and most
of them are only sketched. It is hoped that the book will be readable by
nonspecialists. In the past ten years or more, the author has tried rather
hard to make acceptable lectures; the present book is based on these lecture
notes: Chen (1994b; 1997a; 1998a; 1999¢; 2001a; 2002b; 2002¢; 2003b; 2004a;
2004b) [see Chen (2001c)]. Having presented eleven lectures in Japan in 2002,
the author understood that it would be worthwhile to publish a short book,
and then the job was started.

Since each topic discussed in the book has a long history and contains
a great number of publications, it is impossible to collect a complete list of
references. We emphasize the recent progress and related references. It is
hoped that the bibliography is still rich enough that the reader can discover
a large number of contributors in the field and more related references.

Beijing, The People’s Republic of China Mu-Fa Chen, October 2004
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Chapter 1

An Overview of the Book

This chapter is an overview of the book, especially of the first eight chapters.
It consists of four sections. In the first section, we explain what eigenvalues
we are interested in and show the difficulties in studying the first (nontrivial)
eigenvalue through elementary examples. The second section presents some
new (dual) variational formulas and explicit bounds for the first eigenvalue of
the Laplacian on Riemannian manifolds or Jacobi matrices (Markov chains),
and explains the main idea of the proof, which is a probabilistic approach:
the coupling methods. In the third section, we introduce some recent lower
bounds of several basic inequalities, based on a generalization of Cheeger’s
approach which comes from Riemannian geometry. In the last section, a
diagram of nine different types of ergodicity and a table of explicit criteria
for them are presented. The criteria are motivated by the weighted Hardy
inequality, which comes from harmonic analysis.

1.1 Introduction
Let me now explain what eigenvalue we are talking about.

Definition. The first (nontrivial) eigenvalue

Consider a tridiagonal matrix (or in probabilistic language, a birth—death
process with state space E = {0,1,2,...} and Q-matrix)

—bg bo 0 0
ai *(a1+b1) by 0o ...
Q:(Qij): 0 ao —((lz—l—bz) by ... ]>

where ag, br > 0. Since the sum of each row equals 0, we have Q1 =0=10-1,
where 1 is the vector having elements 1 everywhere and 0 is the zero vector.
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This means that the Q-matrix has an eigenvalue 0 with eigenvector 1. Next,
consider the finite case E, = {0,1,...,n}. Then, the eigenvalues of —Q are
discrete: 0 = Xy < A1 < -+ < A,. We are interested in the first (nontrivial)
eigenvalue \; = A1 — Ao =: gap (Q) (also called the spectral gap of Q). In
the infinite case, A1 := inf{{Spectrum of (—Q)} \ {0}} can be 0. Certainly,
one can consider a self-adjoint elliptic operator in R? or the Laplacian A on
manifolds or an infinite-dimensional operator as in the study of interacting
particle systems.

Since the spectral theory is of central importance in many branches of
mathematics and the first nontrivial eigenvalue is the leading term of the
spectrum, it should not be surprising that the study of A\; has a very wide
range of applications.

Difficulties

To get a concrete feeling about the difficulties of the topic, let us look at the
following examples with finite state spaces.

When E = {0,1}, it is trivial that Ay = a1 + by. Everyone is happy to
see this result, since if either a; or by increases, so does A\;. If we go one
more step, E = {0,1,2}, then we have four parameters, by, b; and aj,as. In
this case, A\ = 2-1 [al +as + by + b1 — \/(a1 —as + by — b1)2 + 4a1b1 ] It is
disappointing to see this result, since parameters effect on A\; is not clear at
all. When E = {0,1,2,3}, we have six parameters: by, b, ba, a1,as,as. The
solution is expressed by the three quantities B, C, and D:

LD C 23 (3B — D?)
YT 33218 3C ’

where the quantities D, B, and C are not too complicated:

D =aj +as+as+ b+ by + b,
B =azby + az (az +bo) + az by +bo b1 + bo ba + b1 by + a1 (a2 + az + b2),

1/3
C= <A+ \/4(3371)2)3 +A2) .
However, in the last expression, another quantity, A, is involved. What, then,
is A?
A= —2a%—2a3 —2a} + 3aiby + 3azb? — 2b3 4 3a3by — 12 a3 boby + 3b2by
+3az b2+ 3o b3 — 2b3— 6 aZby + 6 azboba+ 3 bZba+ 6 azbiby — 12 boby by
+ 302 by — 6azb3+ 3bg b3+ 3b1b3— 2b3 4 3a? (ag + az— 2bg— 2by + by)
+3a3 [az +bo — 2 (by + b2)]
+ 3ap [a3 + bf — 27 — by by — 2b3 — ag(4bo — 2b1 + ba) + 2bg (b1 + ba)]
+3ay [a3 + a3 —2b5 — bo by —2b7 — as(daz —2bg + by — 2bo)
+2bo by + 2b1 b + b3 + 2 as(bo + by + b2)],
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computed using Mathematica. One should be shocked, at least I was, to see
this result, since the roles of the parameters are completely hidden! Of course,
everyone understands that it is impossible to compute A; explicitly when the
size of the matrix is greater than five!

Now, how about the estimation of A\;? To see this, let us consider the
perturbation of the eigenvalues and eigenfunctions. We consider the infinite
state space E = {0,1,2,...}. Denote by g and Degree(g), respectively, the
eigenfunction of A\ and the degree of g when ¢ is polynomial. Three examples
of the perturbation of A; and Degree(g) are listed in Table 1.1.

Table 1.1 Three examples of the perturbation of A\; and Degree(g)

bi (i > 0) a; (i>1) A1 Degree (g)

i+c(c>0) 2 1 1
i+1 2i+3 2 2
i+1 2i+ (4+V2) 3 3

The first line is the well-known linear model, for which A\; = 1, independent
of the constant ¢ > 0, and g is linear. Next, keeping the same birth rate,
b; = i+ 1, the perturbation of the death rate a; from 2i to 2i+ 3 (respectively,
2i 44 ++/2) leads to the change of \; from one to two (respectively, three).
More surprisingly, the eigenfunction ¢ is changed from linear to quadratic
(respectively, cubic). For the intermediate values of a; between 24, 2i 4 3, and
2i + 4 4+ /2, \; is unknown, since ¢ is nonpolynomial. As seen from these
examples, the first eigenvalue is very sensitive. Hence, in general, it is very
hard to estimate ;.

Hopefully, we have presented enough examples to show the extreme diffi-
culties of the topic. Very fortunately, at last, we are able to present a complete
solution to this problem in the present context. Please be patient; the result
will be given only later.

For a long period, we did not know how to proceed. So we visited several
branches of mathematics. Finally, we found that the topic was well studied
in Riemannian geometry.

1.2 New variational formula for the first
eigenvalue

A story of estimating )\, in geometry

Here is a short story about the study of A\; in geometry.

Consider the Laplacian A on a connected compact Riemannian manifold
(M, g), where g is the Riemannian metric. The spectrum of A is discrete:
<o < =A2 < —=A\1 < —)¢ = 0 (may be repeated). Estimating these eigenvalues
A (especially A1) is an important chapter in modern geometry. As far as
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we know, five books, excluding books on general spectral theory, have been
devoted to this topic: I. Chavel (1984), P.H. Bérard (1986), R. Schoen and
S.T. Yau (1988), P. Li (1993), and C.Y. Ma (1993). About 2000 references are
collected in the second quoted book. Thus, it is impossible for us to introduce
an overview of what has been done in geometry. Instead, we would like to
show the reader ten of the most beautiful lower bounds. For a manifold M,
denote its dimension, diameter, and the lower bound of Ricci curvature by
d, D, and K (Ricciy; > Kg), respectively. The simplest example is the unit
sphere S in R4, for which D = 7 and K = d — 1. We are interested in
estimating A\; in terms of these three geometric quantities. It is relatively
easy to obtain an upper bound by applying a test function f € C*(M) to the
classical variational formula

Alinf{/ IVfl2de: feCH (M), | fdz=0, f2dx1}, (1.0)
M M M

where “dz” is the Riemannian volume element. To obtain the lower bound,
however, is much harder. In Table 1.2, we list ten of the strongest lower
bounds that have been derived in the past, using various sophisticated me-
thods.

Table 1.2 Ten lower bounds of \;

Author(s) Lower bound
A. Lichnerowicz (1958) d;dlK’ K>0 (1.1)
P.H. Bérard, G. Besson, | | { /2 cost1tdt }2/" K—d-150 (12
& S. Gallot (1985) P cosi—1at S
2
P.Li & S.T. Yau (1980) 27TDQ, K>0 (1.3)
J.Q. Zhong & w2
H.C. Yang (1984) oz K20 (14)
2 K
G. — = > .
D.G. Yang (1999) mtp K 10 (1.5)
P.Li & S.T. Yau (1980 , K<0 (1.6
(1980) D2(d — 1) exp [1 + V1 +1602] (16)
2
K.R. Cai (1991) %+K, K<0 (1.7)
2
D. Zhao (1999) % +052K, K <0. (1.8)
H.C. Yang (1990) & .
F. Jiag(§991)) D¢ fd>5 K<O (1.9)
H.C. Yang (1990) & | @2 _ . .
F. Jiag(§991)) ozt o 2sdsd K<O (1.10)
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In Table 1.2, the two parameters a and o’ are defined as

a=2"'D\|K|(d—1) and o =2"'D|K|((d—1)V2

The first estimate is due to A. Lichnerowicz 46 years ago. It is very good,
since it is indeed sharp for the unit sphere in two or more dimensions. After
27 years, this result was improved by three French mathematicians, given in
(1.2). The problem here is that these two estimates become trivial for zero
curvature, the unit circle for instance. It is well known that the zero curvature
case is harder than that of positive curvature. The first progress was made
by Li and Yau (1.3) and improved by Zhong and Yang (1.4), by removing
the factor two from (1.3). For the nonexpert, one may think that this is not
essential. However, it is regarded as a deep result in geometry, since it is
sharp for the unit circle. The fifth estimate is a mixture of the first and the
fourth sharp estimates.

We now go to the case of negative curvature. The first result (1.6) is again
due to Li and Yau in the same paper quoted above. Combining the two results
(1.3) and (1.6), it should be clear that the negative case is much harder than
the positive one. Li and Yau’s results are improved step by step by many
geometers as listed in Table 1.2.

Among these estimates, seven [(1.1), (1.2), (1.4), (1.5), (1.7)—(1.9)], shown
in boldface, are sharp. The first two are sharp for the unit sphere in two or
higher dimensions but fail for the unit circle; the fourth, the fifth, and the
seventh to ninth are all sharp for the unit circle. The above authors include
several famous geometers, and several of the results received awards. As
seen from the table, the picture is now very complete, due to the efforts of
geometers in the past 46 years or more. For such a well-developed field, what
can we do now? Our original starting point was to learn from the geometers
and to study their methods, especially recent developments. It is surprising
that we actually went to the opposite direction, that is, studying the first
eigenvalue by using a probabilistic method. At last, we discovered a general
formula for A;.

New variational formula

Before stating our new variational formula, we introduce two notations:

C(r)=cosh®™* [gw/d_—KJ, re(0,D); F={feC[0,D]: f>0o0n (0,D)},

where cosh”x = (coshz)”. Here, we have used all three quantities: the dimen-
sion d, the diameter D, and the lower bound K of Ricci curvature. Note that
C(r) is always real for any K € R.

Theorem 1.1 (General formula [Chen and F.Y. Wang, 1997a]).

A1 > sup inf - 4f(£)
fezre0.D) [FC(s)~tds [ Clu) f(u)du

=g, (1.11)
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The variational formula (1.11) has its essential value in estimating the
lower bound. It is a dual of the classical variational formula (1.0) in the
sense that “inf” in (1.0) is replaced by “sup” in (1.11). The classical formula
goes back to Lord S.J.W. Rayleigh (1877) or E. Fischer (1905). Noticing
that there are no common points in the two formulas (1.0) and (1.11), this
explains the reason why such a formula never appeared before. Certainly,
the new formula can produce many new lower bounds. For instance, the one
corresponding to the trivial function f = 1 is still nontrivial in geometry. It
also has a nice probabilistic meaning: the convergence rate of strong ergodicity
(cf. Section 5.6). Clearly, in order to obtain a better estimate, one needs to
be more careful in choosing the test functions. Applying the general formula
(1.11) to the elementary test functions sin(ar) and cosh'~%(ar) sin(8r) with

a=2"1D\/|K|/(d—1) and 8 = 7/(2D), we obtain the following corollary.
Corollary 1.2 (Chen and F.Y. Wang, 1997a).

dK JD K N7
> - — — — = 0. .
Al/d—l{l cos [2 d—l}} , d>1, K=>0 (1.12)

w2 DK D [-K
ne -2 cost! d[g /m} d>1, K<0. (1.13)

Applying the formula (1.11) to some very complicated test functions, we
can prove, assisted by a computer, the following result.

Corollary 1.3 (Chen, E. Scacciatelli, and L. Yao, 2002).
M =72/D? + K/2, K eR. (1.14)

Surprisingly, these two corollaries improve all the estimates (1.1)—(1.10).
Estimate (1.12) improves (1.1) and (1.2), estimate (1.13) improves (1.9) and
(1.10), and estimate (1.14) improves (1.4), (1.5), (1.7), and (1.8). Moreover,
the linear approximation in (1.14) is optimal in the sense that the coefficient
1/2 of K is exact.

A test function is indeed a mimic eigenfunction of A;, so it should be
chosen appropriately in order to obtain good estimates. A question arises
naturally: does there exist a single representative test function such that we
can avoid the task of choosing a different test function each time? The answer
is seemingly negative, since we have already seen that the eigenvalue and the
eigenfunction are both very sensitive. Surprisingly, the answer is affirmative.
The representative test function, though very tricky to find, has a rather
simple form: f(r) = ( C(s)~'ds)” (y > 0). This is motivated by a study
of the weighted Hardy inequality, a powerful tool in harmonic analysis [cf.
B. Muckenhoupt (1972), B. Opic and A. Kufner (1990)]. The lower and the
upper bounds of &, given in (1.15) below, correspond to v = 1/2 and v = 1,
respectively.
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Corollary 1.4 (Chen, 2000c). For the lower bound &; of Ay given in Theorem
1.1, we have
47 =6 =671 (1.15)

where

5 = s (/()TC(S)ld,S) </D C(s)ds), C(s) = cosh?! [% deJ

Theorem 1.1 and its corollaries are also valid for manifolds with a convex
boundary endowed with the Neumann boundary condition. In this case, the
estimates (1.1)—(1.10) are conjectured by the geometers to be correct. How-
ever, as far as we know, only Lichnerowicz’s estimate (1.1) was proven by J.F.
Escobar in 1990. The others in (1.2)—(1.10) and furthermore in (1.12)—(1.15)

are all new in geometry.

Sketch of the main proof (Chen and F.Y. Wang, 1993b)

Here we adopt the language of analysis and restrict ourselves to the Euclidean
case. The geometric case will be explained in detail in the next chapter. Our
main tool is the coupling methods. Given a self-adjoint second-order elliptic
operator L in R?,

d
Z @iy (@ 89518% ;b

7, j=1

an elliptic (usually degenerate) operator L on the product space R? x R? is
called a coupling of L if it satisfies the following marginality condition (Chen
and S.F. Li, 1989):

Lf(x,y)=Lf(x) (respectively, Lf(z,y)=Lf(y)),  f€C{RY), x#y.

where on the left-hand side, f is regarded as a bivariate function.

Denote by {P;}i>0 the semlgroup determined by L: P, = e'l.

Corre-

sponding to a coupling operator L we have {Pt}t>0 The coupling simply
means that

Pyf(x,y) = Pif(x) (vespectively, P, f(w,y) = P.f(y)) (1.20)

for all f € CZ(R%) and all (z,9) (v # y), where on the left-hand side, f is
again regarded as a bivariate function. With this preparation in mind, we can
now start our proof.

Step 1. Let g be an eigenfunction of —L corresponding to A;. That is,
—Lg = A1g. By the standard differential equation (the forward Kolmogorov
equation) of the semigroup, we have

S Pg(a) = PiLg(x) = X Prg(a).
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Solving this ordinary differential equation in Pig(x) for fixed g and z, we
obtain
Prg(x) = g(z)e ", (1.21)

This expression is very nice, since the eigenvalue, its eigenfunction, and the
semigroup are all combined in a simple formula. However, it is useless at the
moment, since none of these three things are explicitly known.

Step 2. Consider the case of a compact space. Then g is Lipschitz with
respect to the distance p. Denote by ¢, the Lipschitz constant. Now the main
condition we need is the following:

Pip(z,y) < plax,y)e . (1.22)

This condition is more or less equivalent to

Lp(a?, y) < —ozp(l‘, y)7 T 7é Y (1'23)

(cf. Lemma A.6 in Appendix A). Setting g1 (z,y) = g(x) and ga2(z,y) = g(y),
we obtain

e Mg(z) — g(y)| = |Prg(x) — Pgly)|  (by (1.21))
= |Pgi(z,y) — Prga(2,y)|  (by (1.20))
= |Pi(g1 — g2)(z.9)| < Pilg1 — gal(z.)
cgﬁtp(x, y) (Lipschitz property)
cop(z,y)e™ " (by (1.22)).

Since g is not a constant, there exist x # y such that g(x) # ¢(y). Letting
t — 0o, we must have A\; > a. O

<
<

The proof is unbelievably straightforward. A good point in the proof is
the use of the eigenfunction so that we can achieve sharp estimates. On the
other hand, it is crucial that we do not need too much knowledge about the
eigenfunction, for otherwise, there is no hope that things will work out in such
a general setting, since the eigenvalue and its eigenfunction are either known or
unknown simultaneously. Aside from the Lipschitz property of g with respect
to the distance, which can be avoided by using a localizing procedure for the
noncompact case, the key to the proof is clearly condition (1.23). For this,
one needs not only a good coupling but also a good choice of the distance. It
is a long journey to solving these two problems. The details will be explained
in the next two chapters.

Our proof is universal in the sense that it works for general Markov pro-
cesses. We also obtain variational formulas for noncompact manifolds, elliptic
operators in R? (Chen and F.Y. Wang, 1997b), and Markov chains (Chen,
1996). It is more difficult to derive the variational formulas for the elliptic
operators and Markov chains due to the presence of infinite parameters in
these cases. In contrast, there are only three parameters (d, D, and K) in
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the geometric case. In fact, with the coupling methods at hand, the formula
(1.11) is a particular consequence of our general formula (which is complete
in dimension one) for elliptic operators. The general formulas have recently
been extended to the Dirichlet eigenvalues by Chen, Y.H. Zhang, and X.L.
Zhao (2003).

To conclude this section, we return to the matrix case introduced at the
beginning of the chapter.

Tridiagonal matrices (birth—death processes)

To answer the question just posed, we need some notation. Define

bO"'bifl .
=1 = = > 1.
HO ) i a1-~-ai’ 1z

Assume that the process is nonexplosive:

oo k
Z 1 Z’” = 00, and moreover Z = Z”i < o0. (1.24)

Then the process is ergodic (positive recurrent). The corresponding Dirichlet
form is

= Zﬂ’ibi(fi-i_l — fi)27 @(D) = {f S L2(7T) : D(f) < OO}

Here and in what follows, only the diagonal elements D(f) are written, but
the nondiagonal elements can be computed from the diagonal ones using the
quadrilateral role. We then have the classical variational formula

A =inf{D(f):7(f) =0,7(f*) =1},
where 7(f) = [ fdr. Define

W = {w:w, =0, w is strictly increasing},
W = {w : wy = 0, there exists k : 1 <k < oo such that w; = w;sk
and w is strictly increasing in [0, k] },

Z HjWs .

_7>7,+1

Ii w) =
( ) Uzbz(wz+1

Note that # is simply a modification of %. Hence, only the two notations
W and I(w) are essential here.

Theorem 1.5 (Chen (1996; 2000c; 2001b)). Let w = w — w(w). For ergodic
birth—death processes (i.e., (1.24) holds), we have



10 1 An Overview of the Book

(1) Dual variational formulas:

inf sup I;(w)~' = \; = sup inf [;(w) "
weW i1 wey 120

(2) Explicit bounds and an approximation procedure: Two explicit sequences
{n.} and {7, } are constructed such that

Z5 =it 2 =t 2> (46)7

where 6 =sup > (b))t >0 .

i1 j<ie1 j>i
(3) Explicit criterion: A; > 0 iff 6 < oo.

Here the word “dual” means that the upper and lower bounds in part (1) of
the theorem are interchangeable if one exchanges “sup” and “inf.” Certainly,
with slight modifications, this result is also valid for finite matrices; refer to
Chen (1999a). Starting from the examples given in Section 1.1, could you
have expected such a short and complete answer?

Theorem 1.1 and the second formula in Theorem 1.5 (1) will be proved in
Chapter 3, for which the coupling tool is prepared in Chapter 2. An analytic
proof of the second formula in Theorem 1.5 (1) is also presented in Chapter
3. Further results are presented in Chapters 5 and 6.

1.3 Basic inequalities and new forms of
Cheeger’s constants

Basic inequalities

We now go to a more general setup. Let (E,&,7) be a probability space
satisfying {(z,z) : x € E} € & x &. Denote by LP(m) the usual real LP-space
with norm || - ||,. Write || - || = || - ||2-

For a given Dirichlet form (D, Z(D)), the classical variational formula for
the first eigenvalue \; can be rewritten in the form (1.25) below with optimal
constant C' = /\1_1. From this point of view, it is natural to study other
inequalities. Here are two additional basic inequalities, (1.26) and (1.27):

Poincaré inequality : Var(f) < CD(f), f e L¥(m), (1.25)
o . . f?
Logarithmic Sobolev inequality :/f2 log dr < CD(f),
1T b )
f € L*(m),
Nash inequality : Var(f) < CD(H)VP||f17/%,  feL?(x), (1.27)

where Var(f) = 7(f?) — w(f)?, =(f) = [ fdm, p € (1,00), and 1/p+1/q = 1.
The last two inequalities are due to L. Gross (1976) and J. Nash (1958),
respectively.
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Our main object is a symmetric (not necessarily Dirichlet) form (D, (D))
on L?(7), corresponding to an integral operator (or symmetric kernel) on
(E,&):

1
D)= [ I dg)lf) - S,
ExE

P(D) ={f € L*(x) : D(f) < o0},

where J is a nonnegative, symmetric measure having no charge on the diag-
onal set {(x,x) : x € E}. A typical example in our mind is the reversible
jump process with g-pair (¢(z), ¢(x,dy)) and reversible measure 7. Then
J(dz,dy) = 7(dx)q(x, dy).

For the remainder of this section, we restrict our discussion to the sym-
metric form of (1.28).

(1.28)

Status of the research

An important topic in this research area is to study under what conditions
on the symmetric measure J the above inequalities (1.25)—(1.27) hold. In
contrast with the probabilistic method used in Section 1.2, here we adopt
a generalization of Cheeger’s method (1970), which comes from Riemannian
geometry. Naturally, we define Ay := inf{D(f) : n(f) = 0, ||f|| = 1}. For
bounded jump processes, the fundamental known result is the following. Write
x Ay = min{z, y} and similarly, = V y = max{z, y}.
2

Theorem 1.6 (G.F. Lawler and A.D. Sokal, 1988).  \; > 2k—M’ where

Jamdolal@ A () < oo

k p—
r(A)e0,1) m(A) Am(A°) e E

In the past years, the theorem has appeared in six books: Chen (1992a),
A.J. Sinclair (1993), F.R.K. Chung (1997), L. Saloff-Coste (1997), Y. Colin de
Verdiere (1998), D.G. Aldous, and J.A. Fill (2004). From the titles of the
books, one can see a wide range of the applications. However, this result fails
for an unbounded operator (i.e., sup, ¢(z) = 00). It was a challenging open
problem for ten years (until 1998) to handle the unbounded case.

As for the logarithmic Sobolev inequality, there have been a large number
of publications in the past twenty years for differential operators. For a survey,
see D. Bakry (1992), L. Gross (1993), or A. Guionnet and B. Zegarlinski
(2003). Still, there are very limited results for integral operators.

New results

Since the symmetric measure can be very unbounded, we choose a symmetric,
nonnegative function r(x,y) such that

J(dz,dy)

77 > 07
r(@, ) “

J(a) (d.%‘7 dy) = I{r(m,y)@ >0}
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satisfies J(Y) (dx, E)/7(dz) < 1, m-a.s. For convenience, we use the convention
J©) = J. Corresponding to the three inequalities above, we introduce some
new forms of Cheeger’s constants, listed in Table 1.3. Now our main result
can be easily stated as follows.

Theorem 1.7. k(1/2) > (0 = the corresponding inequality holds.

In short, we use J1/2) and J to handle an unbounded J. The use of
the first two kernels comes from the Schwarz inequality. The result is proven
in four papers quoted in Table 1.3. In these papers, some estimates, which
can be sharp or qualitatively sharp, for the upper or lower bounds are also
presented.

Table 1.3 New forms of Cheeger’s constants

Inequality Constant k@
. J(@ (A x A°)
inf ————~~ 2

n(A)e(0,1) m(A) A m(A°)

(o) c
Log. Sobolev |lim  inf JH(A X A°)
r—=0n(A)e(0,] (A)+/logle + mw(A)~1]
() (A x A° A
Log. Sobolev | lim in S (A x A) + om(A)
d—oom(A)>0 7(A)y/1 —logm(A)
f J@ (A x A°)
m(A)e(0,1) [r(A) A 7(Ac)](2a-3)/(24-2)

Poincaré

(Chen and F.Y. Wang, 1998)

(F.Y. Wang, 2001)

(Chen, 2000b)

Nash (Chen, 1999b)

A presentation of Cheeger’s technique is the aim of Chapter 4 where the
closely related first Dirichlet eigenvalue is also studied.

1.4 A new picture of ergodic theory and
explicit criteria

Importance of the inequalities

Let (P;)i>0 be the semigroup determined by a Dirichlet form (D, 2(D)).
Then, various applications of the inequalities are based on the following re-
sults.

Theorem 1.8 (T.M. Liggett (1989), L. Gross (1976), and Chen (1999b)).

(1) Poincaré inequality <= L?-exponential convergence:
| P f — m(f)||>= Var(P, f) < Var(f) exp[—2At].
(2) Logarithmic Sobolev inequality = exponential convergence in entropy:

Ent(P;f) < Ent(f) exp[—20t], where Ent(f) = n(flog f)—=(f)log || fl1
and 2/c is the optimal constant C' in (1.26).
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(3) Nash inequality <= Var(P.f) < C||f||3/t¢ 1.

In the context of diffusions, one can replace “=" by “=" in part (2).
Therefore, the above inequalities describe some type of L?-ergodicity for the
semigroup (P;)>0. These inequalities have become powerful tools in the study
of infinite-dimensional mathematics (phase transitions, for instance) and the
effectiveness of random algorithms.

Three traditional types of ergodicity

The following three types of ergodicity are well known for Markov processes:

Ordinary ergodicity : tlim lpe(z, ) = 7||var = 0,

— 00
Ezponential ergodicity : llpe(, ) — 7l|var < C(x)e” " for some a > 0,
Strong ergodicity : tlim sup ||ps(x, ) — 7||var =0

— tlim ePtsup ||ps(z, ) — 7[|var = 0 for some 5> 0,

where p(z,dy) is the transition function of the Markov process and || - ||var
is the total variation norm. They obey the following implications:

Strong ergodicity = Exponential ergodicity = Ordinary ergodicity.

It is natural to ask the following question: does there exist any relation be-
tween the above inequalities and the three traditional types of ergodicity?

A new picture of ergodic theory

Theorem 1.9 ( Chen (1999c¢), et al). Let (E, &) be a measurable space with
countably generated &. Then, for a Markov process with state space (E, &),
reversible and having transition probability densities with respect to a probability
measure, we have the diagram shown in Figure 1.1.

=

Logarithmic Sobolev inequality L'-exponential convergence

Y I

Exponential convergence in entropy m-a.s. Strong ergodicity

¢ ¢

Poincaré inequality <—= m-a.s. Exp. ergodicity
I

L?-algebraic convergence

I
Ordinary ergodicity

Nash inequality

Figure 1.1 Diagram of nine types of ergodicity
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In Figure 1.1, L2-algebraic convergence means that Var(P,f) < CV(f)tt~4
(t > 0) holds for some V having the properties that V' is homogeneous of
degree two in the sense that

Vief +d) =V (f)

for any constants ¢ and d, and V(f) < oo for all functions f with finite
support. We will come back to this topic in Section 7.6. As usual, L? (p > 1)-
exponential convergence means that

1Pef = a(Dllp < If =7(Hllpe™,  t=0, feL(n),

for some ¢ > 0.

The diagram is complete in the following sense. Each single implication
cannot be replaced by a double one. Moreover, strongly ergodic convergence
and the logarithmic Sobolev inequality (respectively, exponential convergence
in entropy) are not comparable. With the exception of the equivalences, all the
implications in the diagram are suitable for more general Markov processes.
Clearly, the diagram extends the ergodic theory of Markov processes.

The application of the diagram is obvious. For instance, from the well-
known criteria for exponential ergodicity, one obtains immediately some cri-
teria (which are indeed new) for the Poincaré inequality. On the other hand,
by using the estimates obtained from the study of the Poincaré inequality, one
may estimate the exponentially ergodic convergence rate (for which knowledge
is still very limited).

The diagram was presented in Chen (1999c), stated mainly for Markov
chains. Recently, the equivalence of L'-exponential convergence and strong
ergodicity was proved by Y.H. Mao (2002c). A counterexample of diffusion
which shows that strongly ergodic convergence does not imply exponential
convergence in entropy is constructed by F.Y. Wang (2002). For L?-algebraic
convergence, refer to T.M. Liggett (1991), J.D. Deuschel (1994), Chen and
Y.Z. Wang (2003), and references therein.

Detailed proofs of the diagram with some additional results are presented
in Chapter 8.

Explicit criteria for several types of ergodicity

As an application of the diagram in Figure 1.1, we obtain a criterion for the
exponential ergodicity of birth—death processes, as listed in Table 1.4. To
achieve this, we use the equivalence of exponential ergodicity and Poincaré
inequality, as well as the explicit criterion for the Poincaré inequality given in
part (3) of Theorem 1.5. This solves a long—standing open problem in the
study of Markov chains [cf. W.J. Anderson (1991, Section 6.6), Chen (1992a,
Section 4.4)].

Next, it is natural to look for some criteria for other types of ergodi-
city. To do so, we consider only the one-dimensional case. Here we focus
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on birth—death processes, since one-dimensional diffusion processes are in pa-
rallel. A criterion for strong ergodicity was obtained recently by H.J. Zhang,
X. Lin and Z.T. Hou (2000), and extended by Y.H. Zhang (2001), using
a different approach, to a larger class of Markov chains. The criteria for
the logarithmic Sobolev and Nash inequalities and the discrete spectrum (the
continuous spectrum is empty and all eigenvalues have finite multiplicity)
were obtained by S.G. Bobkov and F. Gotze (1999a; 1999b), and Y.H. Mao
(2004, 2002a,b), respectively, based on the weighted Hardy inequality [see
also L. Miclo (1999a,b), F.Y. Wang (2000a,b), F.Z. Gong and F.Y. Wang
(2002)]. It is understood now that the results can also be deduced from
generalizations of the variational formulas discussed in this chapter [cf. Chen
(2002a, 2003a,b) and Chapter 6]. Finally, we summarize these results in
Theorem 1.10 and Table 1.4. The first three criteria in the table are classical,
but all the others are very recent. The table is arranged in such an order that
the property in each line is stronger than the property in the previous line.
The only exception is that even though strong ergodicity is often stronger
than the logarithmic Sobolev inequality, they are not comparable in general,
as mentioned in Section 1.3.

Recall the sequence () defined above (1.24) and set pli, k] =3,y -

Table 1.4 Ten criteria for birth—death processes

Property Criterion
1
Uniqueness Z 1[0,n] =00 (%)
Hnbp,
n=0
Recurrence Z LI 00
finbn
n>=0
Ergodicity () & u[0,00) < 00
- - 1
E;gonenmal ergodicity (+) & sup ufn, 50) < 00
-exp. convergence n>1 a0 b
1
Discrete spectrum (¥) & lim sup plk,o0) Z =0
n—=00 k>ntl n<i<k—1 Mjbj
. . g 1
Log. Sobolev inequality | (%) & sup p[n, oo)log[u[n, o0)~ ]z ——< 00
n>1 < _lujbj
J<n
Strong ergodicity
L'-exp. convergence )& Z MTHI >9 ZH"Z ;b ]<OO
n>O n=zl j<n—1
1
Nash inequality (%) & sup p[n, oo )1~/ (a=1) Z — < (g)

D
nz1 j<n—1 M504
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Theorem 1.10 (Chen, 2001a). For birth—death processes with birth rates
bi(i > 0) and death rates a;(¢ > 1), ten criteria are listed in Table 1.4, in which
the notation “(x) & ---" means that one requires the uniqueness condition in
the first line plus the condition “---". The notation “(g)" in the last line means
that for small ¢, 1 < g < 2, a criterion for the Nash inequality is still unknown.

The proofs of the criteria will be started in Chapter 5 and continued in
Chapter 6. In Chapter 5, both the coupling method and an analytic method
are used to prove the criteria for exponential or strong ergodicity. In Chapter
6, most of the remaining criteria are proved in terms of a generalization of the
second variational formula stated in Theorem 1.5 (1) to some Orlicz spaces.
Further generalization to the higher-dimensional case in terms of capacity is
left to Chapter 7.

A large part of the author’s original research papers are collected in Chen
(2001c).

Summary

In conclusion, we have discussed in the chapter three levels of problems, three
methods, and mainly four results. According to the range of problems, the
principal eigenvalues, the basic inequalities, and the ergodic theory, each has
a wider range than the previous one. We have used the coupling method from
probability theory, Cheeger’s approach from Riemannian geometry, and the
weighted Hardy inequality from harmonic analysis. Finally, we have presented
some variational formulas for the exponentially ergodic rates, new forms of
Cheeger’s constants, a comparison diagram, and a table of explicit criteria for
several types of ergodicity.



Chapter 2

Optimal Markovian
Couplings

This chapter introduces our first mathematical tool, the coupling methods,
in the study of the topics in the book, and they will be used many times
in the subsequent chapters. We introduce couplings, Markovian couplings
(Section 2.1), and optimal Markovian couplings (Sections 2.2 and 2.3), mainly
for time-continuous Markov processes. The study emphasizes analysis of the
coupling operators rather than the processes. Some constructions of optimal
Markovian couplings for Markov chains and diffusions are presented, which
are often unexpected. Two general results of applications to the estimation
of the first eigenvalue are proved in Section 2.4. Furthermore, some typical
applications of the methods are illustrated through simple examples.

2.1 Couplings and Markovian couplings

Let us recall the simple definition of couplings.

Definition 2.1. Let yy, be a probability on a measurable space (Ey, &), k=1,2.
A probability measure [t on the product measurable space (E; X Ey, & X &) is
called a coupling of 11, and p, if the following marginality condition holds:

(A1 x Ep) = py (A1), Ay € 6,

ﬂ(E1 X Ag) = ,[]/2(142)7 Ay € &5 (M)

Example 2.2 (Independent coupling [iy). fig = f4; X pto. Thatis, fig is
the independent product of p; and fis.

This trivial coupling has already a nontrivial application. Let ux = p on
R, k =1,2. We say that u satisfies the FKG inequality if

/ngdu>/Rfdu /Rgdm fge, (2.1)
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where .# is the set of bounded monotone functions on R. Here is a one-line
proof based on the independent coupling:

/ / oz, dy)[f (@) — F)llo(x) — @) 20,  frge ..

We mention that a criterion of FKG inequality for higher-dimensional
measures on R? (more precisely, for diffusions) was obtained by Chen and
F.Y. Wang (1993a). However, a criterion is still unknown for Markov chains.

Open Problem 2.3. What is the criterion of FKG inequality for Markov jump
processes?

We will explain the meaning of the problem carefully at the end of this sec-
tion and explain the term “Markov jump processes” soon. The next example
is nontrivial.

Example 2.4 (Basic coupling [i;). Let Ey = F, k = 1,2. Denote by A
the diagonals in E: A = {(z,z) : * € E}. Take

(11 — pro) ¥ (day) (g — po) ™~ (dazp)
(1 — po) T (E)

where vF is the Jordan—Hahn decomposition of a signed measure v and v; Av, =
— (v — )"
v, — (v —uvy)T.

fiv(day, dzg) = (g A po)(dzy)Ia + Ine,

Note that one may ignore Iac in the above formula, since (j1; — )" and
(4y — o)~ have different supports.

Actually, the basic coupling is optimal in the following sense. Let p be
the discrete distance: p(z,y)=1if © # y, and = 0 if x = y. Then a simple
computation shows that

1
fin(p) = 5”#1 = pallvar-
Thus, by Dobrushin’s theorem (see Theorem 2.23 below), we have
fiv(p) = nf [i(p),

where fi varies over all couplings of p; and p,. In other words, fiy(p) is a
p-optimal coupling. This indicates an optimality for couplings that we are
going to study in this chapter.

Similarly, we can define a coupling process of two stochastic processes in
terms of their distributions at each time ¢ for fixed initial points. Of course,
for given marginal Markov processes, the resulting coupled process may not
be Markovian. Non-Markovian couplings are useful, especially in the time-
discrete situation. However, in the time-continuous case, they are often not
practical. Hence, we now restrict ourselves to the Markovian couplings.
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Definition 2.5. Given two Markov processes with semigroups Py (t) or tran-
sition probabilities Py (t,xg,) on (Ex, &%), k = 1, 2, a Markovian coupling is
a Markov process with semigroup P(t) or transition probability P(t; z,,z,;-) on
the product space (Fy x E, & X &) having the marginality

Ig(t;xl,%;Al x E9)= Py(t,xy, A1), (MP)
Ig(t;xl,%;El X Ag)=Pa(t, x4, A2), t =0,z € Ej, A € &1,k =1,2.

Equivalently,

ls(t)f(xth) = Pi(t) f(zy),

_ (MP)
P(t)f(z1,29) = Pa(t) f(z2), t>0, z, € By, [ €46k, k=1,2,

where ;& is the set of all bounded &-measurable functions. Here, on the left-hand
side, f is regarded as a bivariate function.

We now consider Markov jump processes. For this, we need some notation.
Let (E,&) be a measurable space such that {(z,z) : = € E} € & x & and
{z} € & for all x € E. It is well known that for a given sub-Markovian
transition function P(t,z,A)(t > 0,2 € E, A € &), if it satisfies the jump
condition

lm Pt {a}) =1, z€E, (2.2)
then the limits
a(@) = lim M and q(z, A) := lim w (2.3)

exist for all x € ' and A € %, where

X = {A €& : limsup [1 - P(t,z,{z})] = O}.
t—0,cA

Moreover, for each A € Z, q(-), q(-,A) € &, for each x € E, q(x,-) is a finite
measure on (E, %), and 0 < q(z,A) < q(z) < oo forall z € F and A € Z.
The pair (¢(z), g(z,A))(x € E, A € %) is called a g-pair (also called the
transition intensity or transition rate). The g-pair is said to be totally stable
if g(z) < oo for all z € E. Then ¢(z,-) can be uniquely extended to the whole
space & as a finite measure. Next, the g-pair (q(ac)7 q(z, A)) is called conserva-
tive if q(x, E) = q(x) < oo for all z € E (Note that the conservativity here is
different from the one often used in the context of diffusions). Because of the
above facts, we often call the sub-Markovian transition P(t,z, A) satisfying
(2.3) a jump process or a q-process. Finally, a ¢-pair is called regular if it is
not only totally stable and conservative but also determines uniquely a jump
process (nonexplosive).

When FE is countable, conventionally we use the matrix @ = (g;; : 4,j € F)
(called a Q-matriz) and P(t) = (pi;(t) :4,j € E),

p;j(t)’tzo = dij>
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instead of the ¢g-pair and the jump process, respectively. Here ¢;; = —¢;, ¢ € E.
We also call P(t) = (pi;(t)) a Markov chain (which is used throughout this
book only for a discrete state space) or a Q-process.

In practice, what we know in advance is the g-pair (¢(z), ¢(z, dy)) but not
P(t,x,dy). Hence, our real interest goes in the opposite direction. How does
a g-pair determine the properties of P(t,z,dy)? A large part of the book
(Chen, 1992a) is devoted to the theory of jump processes. Here, we would
like to mention that the theory now has a very nice application to quantum
physics that was missed in the quoted book. Refer to the survey article by
A.A. Konstantinov, U.P. Maslov, and A.M. Chebotarev (1990) and references
within.

Clearly, there is a one-to-one correspondence between a ¢-pair and the
operator {2

Of(z) = /E A&, dy)[f ) - F@)] - la() — a@. B (), [ €6,

Because of this correspondence, we will use both according to our conve-
nience. Corresponding to a coupled Markov jump process, we have a g-pair
(G(xq,29), G(xq, 29; dy,, dys)) as follows:

L — P(t; oy, w5 {w1 } x {z5}) (21, 24) € E1 X Es
1>%2 9

t—0 t ’
. P(t; A e
G(zq, zy; A):tlirr(l) %, (xq,29) ¢ A€ X,
R = {Aeéﬁ X & : lim  sup [lfﬁ(t;xl,xg;{(xl,%)})] O}.
i— (zl,zz)GA

Concerning the total stability and conservativity of the g-pair of a coupling
(or coupled) process, we have the following result.

Theorem 2.6. The following assertions hold:

(1) A (equivalently, any) Markovian coupling is a jump process iff so are their
marginals.

(2) A (equivalently, any) coupling g-pair is totally stable iff so are the marginals.

(3) [Y. H. Zhang, 1994]. A (equivalently, any) coupling g-pair is conservative
iff so are the marginals.

Proof of parts (1) and (2). To obtain a feeling for the proof, we prove

here the easier part of the theorem. This proof is taken from Chen (1994b).
(a) First, we consider the jump condition. Let Py (t, xy, dy;) and Is(t; Xy, T

dyy,dys) be the marginal and coupled Markov processes, respectively. By the
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marginality for processes, we have

P(t;zy, w5 {wy ) x {73})

> P(t;zy, w05 {x1} X Ea) — P(t;mq, 295 By x (B \ {3}))
> ﬁ(t;xl,%; {z{} X Ey) — 1+ Ig(t;xl,%;El x {x9})
= Pl(tvxlv {3;‘1}) -1+ P2(t7x27 {3;‘2})

If both of the marginals are jump processes, then lim, ., P(t;z,, zq; {2} X
{z4}) = 1. Thus, a Markovian coupling P(t) must be a jump process.
Conversely, since

P(tyzy, mo; {1} x {23}) < P(t2q, 295 {21} X E2) = Pi(t, 20, {71}),

if P(t) is a jump process, then lim, o Pi(t,z,{z,}) > 1, and so P;(t) is also
a jump process. Symmetrically, so is Pa(t).

(b) Next, we consider the equivalence of total stability. Assume that all
the processes concerned are jump processes. Denote by (¢, (zx), ¢5(zk, dyr))
the marginal ¢-pairs on (Ey, %), where

Ry, = {A €& }ir% sug [1 — Py(t,x, {aj})] = O}7 k=1, 2.
—Yzxe

Denote by (G(xy,5),d(xy, 73 dy,, dy,)) a coupling g-pair on (Ey x B, %).
We need to show that §(Z) < oo for all & € Ey x Eo iff ¢ (1) V gy(25) < 00
for all x; € Ey and z5 € Es. Clearly, it suffices to show that

01(71) V go(m2) < (21, 75) < q1(71) + g (1)

Note that we cannot use either the conservativity or uniqueness of the pro-
cesses at this step. But the last assertion follows from (a) and the first part
of (2.3) immediately. O

Due to Theorem 2.6, from now on, assume that all coupling operators
considered below are conservative. Then we have

L= P(t; oy, w5 {1 } x {24})
t—0 t ’

- = . P tiry,x ;/Nl

G(xy, w95 A) :th_{% %a

(131,132) € E1 X EQ,
(x1,29) ¢ A€ & X &
Note that in the second line, the original set R is replaced by &1 X &. Define

0 f () = /E (o dy)lf @) — f@)), e

Similarly, we can define 5. Corresponding to a coupling process ]B(t), we
also have an operator 2. Now, since the marginal ¢-pairs and the coupling
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g-pairs are all conservative, it is not difficult to prove that (MP) implies the
following:

ﬁf(9317$2)191f(f1)7 f €vér,

_ (MO)
Of(xq,24) = Qo f(zy), fEvs, xx € By, k=1, 2.

Again, on the left-hand side, f is regarded as a bivariate function. Refer to
Chen (1986a) or Chen (1992a, Chapter 5). Here, “MO” means the marginality
for operators.

Definition 2.7. Any operator (2 satisfying (MO) is called a coupling operator.

Do there exist any coupling operators?

Examples of coupling operators for jump processes
The simplest example to answer the above question is the following.

Example 2.8 (Independent coupling ﬁo).

ﬁof(arl,xg) = [ f(2)](z) + [Qa2f (2, )](22), rp € By, k=1, 2.

This coupling is trivial, but it does show that a coupling operator always
exists.

To simplify our notation, in what follows, instead of writing down a coup-
ling operator, we will use tables. For instance, a conservative g-pair can be
expressed as follows:

x—dy\ {z} at rate q(z,dy).

In particular, in the discrete case, a conservative Q-matrix can be expressed
as
i—jFi at rate ij-

Example 2.9 (Classical coupling (NZC) Take By = B3 = F and let Q; =
Qo = Q. If ©y # x4, then take

(x1, m3) —  (y1, z2) atrate g(xq,dy,)
— (21, yy) atrate q(zy,dys).

Otherwise,
(x, x) — (y,y) atrate q(z,dy).

Each coupling has its own character. The classical coupling means that the
marginals evolve independently until they meet. Then they move together.
A nice way to interpret this coupling is to use a Chinese idiom: fall in love
at first sight. That is, a boy and a girl had independent paths of their lives
before the first time they met each other. Once they meet, they are in love at
once and will have the same path of their lives forever. When the marginal
@-matrices are the same, all couplings considered below will have the property
listed in the last line, and hence we will omit the last line in what follows.
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Example 2.10 (Basic coupling ;). For z,, 2, € E, take

— (y.y) atrate [qi(zy,-) A ga(zy,-)] (+dy)
— (Y1, T5) atrate [(h(xu ) — q2(w4, -)]+(dy1)
— (1, y2) atrate [Q2(I27 ) = qi(wy, )] (dys).

(z1, T5)

The basic coupling means that the components jump to the same place
at the greatest possible rate. This explains where the term gi(x;,dy;) A
q2(x5, dysy) comes from, which is the biggest one to guarantee the marginality.
This term is the key of the coupling. Note that whenever we have a term AAB,
we should have the other two terms (A — B)* and (B — A)" automatically,
again, due to the marginality. Thus, in what follows, we will write down the
term A A B only for simplicity.

Example 2.11 (Coupling of marching soldiers (NZm) Assume that F is
an addition group. Take

(x1, z9) — (7 Ty, 29 +y) at rate q1(zy, 21 + dy) A q2(x4, 25 + dy).

The word “marching” is a Chinese name, which is the command to sol-
diers to start marching. Thus, this coupling means that at each step, the
components maintain the same length of jumps at the biggest possible rate.

In the time-discrete case, the classical coupling and the basic coupling are
due to W. Doeblin (1938) (which was the first paper to study the convergence
rate by coupling) and L.N. Wasserstein (1969), respectively. The coupling of
marching soldiers is due to Chen (1986b). The original purpose of the last
coupling is mainly to preserve the order.

Let us now consider a birth—death process with regular Q-matrix:

Giiv1 =b;, 120 Giji—1 =ai, =1

Then for two copies of the process starting from i; and iy, respectively, we
have the following two examples taken from (Chen, 1990).

Example 2.12 (Modified coupllng of marching soldiers Qcm) Take
Qcm*Qc if |11722| 1 and Qcm*Qm If‘21712|>2

Example 2.13 (Coupling by inner reflection ﬁir). Again, take ﬁiT = ﬁc
if ‘Zl — ZQ| g 1. For i2 2 il +27 take

(i17 12) — (Zl + 17 i2 — 1) at rate bil A iy
— (i1 — 1, i9) at rate  a;,
— (i1, 42+ 1) at rate  b;,.

By exchanging i1 and i3, we can get the expression of Q;, for the case that
1= 19.
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This coupling lets the components move to the closed place (not necessarily
the same place as required by the basic coupling) at the biggest possible rate.

From these examples one sees that there are many choices of a coupling
operator ). Indeed, there are infinitely many choices! Thus, in order to use
the coupling technique, a basic problem we should study is the regularity
(nonexplosive problem) of coupling operators, for which, fortunately, we have
a complete answer [Chen (1986a) or Chen (1992a, Chapter 5)]. The follow-
ing result can be regarded as a fundamental theorem for couplings of jump
processes.

Theorem 2.14 (Chen, 1986a).

(1) If a coupling operator is nonexplosive, then so are its marginals.
(2) If the marginals are both nonexplosive, then so is every coupling operator.
(3) In the nonexplosive case, (MP) and (MO) are equivalent.

Clearly, Theorem 2.14 simplifies greatly our study of couplings for general
jump processes, since the marginality (MP) of a coupling process is reduced
to the rather simpler marginality (MO) of the corresponding operators. The
hard but most important part of the theorem is the second assertion, since
there are infinitely many coupling operators having no unified expression.

Markovian couplings for diffusions

We now turn to study the couplings for diffusion processes in R? with second-
order differential operator

1
LZQZG

i, j=1

8:@8:5] Z bi(

i=1
For simplicity, we write L ~ (a(z),b(z)). Given two diffusions with operators
Lk ~ (ak(x),bk(x)), k= 1, 2,

respectively, an elliptic (may be degenerate) operator L on the product space
R?xR% is called a coupling of L, and L, if it satisfies the following marginality:

Ef(x, y) = Lif(z) (respectively, zf(x, y) = Lgf(y)),

MO
fECIRY), z#y. (MO)

Again, on the left-hand side, f is regarded as a bivariate function. From this,
it is clear that the coefficients of any coupling operator L should be of the

form
o= (25 ). o= ()
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where the matrix c(z,y)* is the conjugate of ¢(x,y). This condition and
the nonnegative definite property of a(x,y) constitute the marginality in the
context of diffusions. Obviously, the only freedom is the choice of ¢(z,y).

As an analogue of jump processes, we have the following examples.

Example 2.15 (Classical coupling). c(z,y) =0 for all x # y.

Example 2.16 (Coupling of marching soldiers [Chen and S.F.Li 1989]).
Let ap(x) = op(z)or(x)*, k =1, 2. Take ¢(x,y) = oy (z)o5(y)*.

The two choices given in the next example are due to T. Lindvall and
L.C.G. Rogers (1986), Chen and S.F. Li (1989), respectively.

Example 2.17 (Coupling by reflection). Let L1=Ls and a(z)=0(z)o(z)*
We have two choices:

(o) = (o) o) — 27D detoty) 0, a A

c(w,y) = o(@)[I —2aa’]o(y)",  x#y,
where @ = (z — y)/|]x — yl.

This coupling was generalized to Riemannian manifolds by W.S. Kendall
(1986) and M. Cranston (1991).

In the case that x = y, the first and the third couplings here are defined
to be the same as the second one.

In probabilistic language, suppose that the original process is given by the
stochastic differential equation

dX, = V20(X;)dB; + b(X,)dt,

where (By) is a Brownian motion. We want to construct a new process (X/),

dX] = V20'(X,)dB, + b (X,)dt,

on the same probability space, having the same distribution as that of (X3).
Then, what we need is only to choose a suitable Brownian motion (Bj).
Corresponding to the above three examples, we have

(1) Classical coupling: Bj is a new Brownian motion, independent of Bj.

(2) Coupling of marching soldiers: By = By.

(3) Coupling by reflection: B; = [I — 2uu*|(Xy, X{)Bt, where 4 is given in
Example 2.17.

It is important to remark that in the constructions, we need only consider
the time ¢ < T', where T is the coupling time,

T=inf{t>0:X, =X},

since X; = X/ for all t > T. This avoids the degeneration of the coupling
operators.
Before moving further, let us mention a conjecture:
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Conjecture 2.18. The fundamental theorem (Theorem 2.14) holds for diffu-
sions.

The following facts strongly support the conjecture.

(a) A well known sufficient condition says that the operator Ly (k = 1,2) is
well posed if there exists a function ¢y such that lim|,|_o vx(2) = 00
and Lipy < cpyi for some constant ¢. Then the conclusion holds for all
coupling operators, simply taking

@(wy,29) = p1(21) + Pa(y).

(b) Let 7, 1 be the first time of leaving the cube with side length n of the
kth process (k = 1,2) and let 7,, be the first time of leaving the product
cube of coupled process. Then we have

Tn,1 \ Tn,2 < 7~_n < Tn,1 + Tn,2-
Moreover, a process, the kth one for instance, is well posed iff

lim Pglr e < 1] = 0.

n—oo

Having studied the Markovian couplings for Markov jump processes and
diffusions, it is natural to study the Lévy processes.

Open Problem 2.19. What should be the representation of Markovian coupling
operators for Lévy processes?

2.2 Optimality with respect to distances

Since there are infinitely many Markovian couplings, we asked ourselves se-
veral times in the past years, does there exist an optimal one? Now another
question arises: What is the optimality we are talking about? We now explain
how we obtained a reasonable notion for optimal Markovian couplings. The
first time we touched this problem was in Chen and S.F. Li (1989). It was
proved there for Brownian motion that coupling by reflection is optimal with
respect to the total variation, and moreover, for different probability metrics,
the effective couplings can be different. The second time, in Chen (1990), it
was proved that for birth—death processes, we have an order as follows:

Qir = U = o = Qe = D,

where A = B means that A is better than B in some sense. However, only in
1992 it did become clear to the author how to optimize couplings.

To explain our optimal couplings, we need more preparation. As was
mentioned several times in previous publications [Chen (1989a; 1989b; 1992a)
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and Chen and S. F. Li (1989)], it should be helpful to keep in mind the relation
between couplings and the probability metrics. It will be clear soon that this
is actually one of the key ideas of the study. As far as we know, there are more
than 16 different probability distances, including the total variation and the
Lévy—Prohorov distance for weak convergence. But we often are concerned
with another distance. We now explain our understanding of how to introduce
this distance.

As we know, in probability theory, we usually consider the types of con-
vergence for real random variables on a probability space shown in Figure 2.1.

convergence in LP

|

a.s. convergence ——> convergence inP ——— Vvague convergence

AN\
N
N
X
N weak convergence

Figure 2.1 Typical types of convergence in probability theory

LP-convergence, a.s. convergence, and convergence in P all depend on the
reference frame, our probability space (2, #,P). But vague (weak) conver-
gence does not. By a result of Skorohod [cf. N. Tkeda and S. Watanabe (1988,
p.9 Theorem 2.7)], if P, converges weakly to P, then we can choose a sui-
table reference frame (€2,.%,P) such that &, ~ P,, £ ~ P, and &, — & a.s.,
where £ ~ P means that ¢ has distribution P. Thus, all the types of conver-
gence listed in Figure 2.1 are intrinsically the same, except LP-convergence.
In other words, if we want to find another intrinsic metric on the space of all
probabilities, we should consider an analogue of LP-convergence.
Let &, &: (2, 7,P) — (E,p,&). The usual LP-metric is defined by

l&r — &all, = {E[p(er, &2)7]}".

Suppose that & ~ P;, i = 1,2, and (£1,&2) ~ P. Then

N 1/p
€ — &l = { / p(xuo:g)pP(dxl,d%)} |

Certainly, Pisa coupling of P; and P,. However, if we ignore our reference
frame (Q, Z,P), then there are many choices of P for given P; and P,. Thus,
the intrinsic metric should be defined as follows:

- 1/p
Wy(Pr, Py) = igf{/p(xl,zz)pP(dxl,dz2)} . p=1
P

where P varies over all couplings of P, and Ps.
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Definition 2.20. The metric defined above is called the W),-distance or pth
Wasserstein distance. Briefly, we write W = W7,

From the probabilistic point of view, the W,,-metrics have an intrinsic pro-
perty that makes them more suitable for certain applications. For example, if
(E, p) is the Euclidean space for P; obtained from P; by a translation, then
W, (P1, P») is just the length of the translation vector.

In general, it is quite hard to compute the W)-distance exactly. Here are
the main known results.

Theorem 2.21 (S.S. Vallender, 1973). Let Py be a probability on the real line
with distribution function Fj(z), k = 1,2. Then

+oo
W(Pl,PQ):/ |F1(I)*F2(I’)|dm

— 00

Theorem 2.22 (D.C. Dowson and B.V. Landau (1982), C.R. Givens and
R.M. Shortt (1984), I. Olkin and R.Pukelsheim (1982)). Let P be the nor-
mal distribution on (R¢, Z(R?)) (d > 1) with mean value my, and covariance
matrix My, k =1,2. Then

Wa(Py, Py) = [|m1 — ma|® + Trace My + Trace M,
-2 Trace(\/Mlng/Ml )1/2]1/2,

where Trace M denotes the trace of M.

Theorem 2.23 (R.L. Dobrushin, 1970). (1) For bounded p, W is equiva-
lent to the Lévy-Prohorov distance.

(2) For discrete distance p, W = || - ||var/2-

Fortunately, in most cases, what we need is only certain estimates of an
upper bound. Clearly, any coupling provides an upper bound of W (Py, P5).
Thus, it is very natural to introduce the following notion.

Definition 2.24. A coupling P of P, and P, is called p-optimal if

/p(ml,xz)ﬁ(dxl,dxz) =W(P, P).

Now, it is natural to define the optimal coupling for time-discrete Markov
processes without restriction to the Markovian class. In the special case of p
being the discrete metric (or equivalently, restricted to the total variation),
it is just the mazimal coupling, introduced by D. Griffeath (1978). How-
ever, the maximal couplings constructed in the quoted paper are usually
non-Markovian. Even though the maximal couplings as well as other non-
Markovian couplings now constitute an important part of the theory and
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have been widely studied in the literature (cf. T.Lindvall (1992), J.G. Propp
and D.B. Wilson (1996), H. Thorrison (2000), and references therein), they
are difficult to handle, especially when we come to the time-continuous situ-
ation. Moreover, it will be clear soon that in the context of diffusions, in
dealing with the optimal Markovian coupling in terms of their operators, the
discrete metric will lose its meaning. Thus, our optimal Markovian couplings
are essentially different from the maximal ones. It should also be pointed
out that the sharp estimates introduced in Chapter 1 were obtained from the
exponential rate in the W-metric with respect to some much more refined
metric p rather than the discrete one. Replacing P, and P with Py (t) and
15(15), respectively, and then going to the operators, it is not difficult to arrive
at the following notion [cf. Chen (1994b; 1994a) for details].

Definition 2.25. A coupling operator Q is called p-optimal if

Qp(ay,xy) = inf Qp(z,,z,) for all 2y # x,
)

where ) varies over all coupling operators.
To see that the notion is useful, let us introduce one more coupling.

Example 2.26 (Coupling by reflection (NZT). Given a birth—death process
with birth rates b; and death rates «a;, this coupling evolves in the following way.
If i2 = il + 1, then

(il,ig) — (’i1 — 1,40+ 1) at rate  a;, A bi2
— (i1 +1, ig) at rate  b;,
—  (i1,i2 — 1) at rate  a;,.

If i2 2 il + 27 then

(i1, ig) — (i1 — 1,10+ 1) at rate  a;, A bi2
— (i1 +1,ia—1) atrate b, Aai,.

By symmetry, we can write down the rates for the other case that i; > 5.

Intuitively, the reflection in the outside direction is quite strange, since it
separates the components by distance 2 but not by 1. For this reason, even
though the coupling came to our attention years ago, we never believed that
it could be better than the coupling by inner reflection. But the next result
changed our mind.

Theorem 2.27 (Chen, 1994a). For birth—death processes, the coupling by re-
flection is p-optimal for any translation-invariant metric p on Z, having the

property that
uy = p(0,k+1)—p(0,k), k=0

is nonincreasing in k.
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To see that the optimal coupling depends heavily on the metric p, note
that the above metric p can be rewritten as

p(i,5) = Y, w
k<|i—j|

for some positive nonincreasing sequence (ug). In this way, for any positive
sequence (ug), we can introduce another metric as follows:

Zukuuk .

k<i k<j

pli,j) =

Because (uj > 0) is arbitrary, this class of metrics is still quite large. Now,
among the couplings listed above, which are p-optimal?

Theorem 2.28 (Chen, 1994a). For birth—death processes, every coupling men-
tioned above except the trivial (independent) one is p-optimal.

This result is again quite surprising, far from our probabilistic intuition.
Thus, our optimality does produce some unexpected results.
We are now ready to study the optimal couplings for diffusion processes.

Definition 2.29. Given p € C*(R? x R?\ {(z,z) : © € R?}), a coupling
operator L is called p-optimal if

Lp(z,y) = i%f Lp(z,y), T #y,

where L varies over all coupling operators.

For the underlying Euclidean distance | - | in R?, we introduce a family of
distances as follows:

p(z,y) = f(|x —y|), where f(0)=0, f' >0, and f” <0. (2.4)

In order to make p a distance, the first two conditions of f are necessary
and the third condition guarantees the triangle inequality. For this class of
distance, as mentioned in the paper quoted below, the existence of p-optimal
coupling for diffusion is not a serious problem. Here we introduce only some
explicit constructions.

Theorem 2.30 (Chen, 1994a). Let p(x,y)=f(|x—y|) for some fe C? (R4 ;R )
satisfying (2.4). Then the p-optimal solution ¢(z,y) is given as follows:

(1) If d =1, then ¢(z,y) = —v/a1(x)az(y), and moreover,

Tz — ) = = (Var @) + Vaz (@) )*S" (1 — w)

2
_|_
|z -y
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Next, suppose that a; = o} (k =1, 2) is nondegenerate and write
C(,I, y) =0 (’I)H* (,13, y)UQ(y)
(2) If f(r) <0 forall r > 0, then H(z,y) = U(y)™* [U(v)U(v)*]l/z, where

e=ylf"(Jz—yl)

= e

U(y) = oy (x)(I —~uu*)oy(y).

(3) If f(r) =r, then H(z,y) is a solution to the equation

U)H = (U)U1)*)"2.

In particular, if ay(x) = ok (x)o? for some positive function ¢ (k = 1, 2), where
o is independent of z and det o > 0, then

(4) H(z,y) =1 — 20 tau*o~t /o~ a|? if p(z,y) = |z — y|. Moreover,

ffﬂx—ynzzﬂ;%zﬂ{m/aﬂzi—\Azx@52pnwwa2_¢gmﬂ
20—y, (@) — b)) )

(5) H is the same as in the last assertion if p(z,y) = |x — y| is replaced by
p(z,y) = f(Jo~ (x — y)|). Furthermore,

Toe,) = 5 (Vor@ + Ve)” (o @ — )
+{(d-D(Ver@) — Vi)
+2(07 @ —y), oM ba(@) — ba(v)) }

f(jo (@ - )]
* 2o i(w—y)

2.3 Optimality with respect to closed functions

As an extension of the optimal couplings with respect to distances, we can
consider the optimal couplings with respect to a more general, nonnegative,
closed (=lower semicontinuous) function ¢.

Definition 2.31. Given a metric space (E, p, &), let © be a nonnegative, closed
function on (E, p,&). A coupling is called a ¢-optimal (Markovian) coupling if
in the definitions given in the last section, the distance function p is replaced by

@Y.

Here are some typical examples of .
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Example 2.32. (1) ¢ is a distance of the form f o p for some f having the
properties f(0) =0, f/ >0, and f” < 0.
(2) ¢ is the discrete distance: (x,y) = 1 iff © # y; otherwise, p(z,y) = 0.
(3) Let E be endowed with a measurable semiorder “<" and set F' = {(z,y) :
x < y}. Then F is a closed set. Take ¢ = Ipe.

Before moving further, let us recall the definition of stochastic compara-
bility.

Definition 2.33. Let .# be the set of bounded monotone functions f:
=<y = f(z) < f@y)

(1) We write pq < g if 1y (f) < po(f) forall f e 4.

(2) Let Py and P, be transition probabilities. We write Py < Py if P1(f)(2z1) <
Py(f)(xy) for all z; < 25 and f € 4.

(3) Let Pi(t) and Py(t) be transition semigroups. We write P;(t) < Pa(t) if
Pi(t)(f)(zq) < Pa(t)(f)(xy) forallt >0, 2, <z, and f € A.

Here is a famous result about stochastic comparability.

Theorem 2.34 (V. Strassen, 1965). For a Polish space, p; < i, iff there exists
a coupling measure [i such that a(F°¢) = 0.

Usually, in practice, it is not easy to compare two measures directly. For
this reason, one introduces stochastic comparability for processes. First, one
constructs two processes with stationary distributions p; and p,. Then the
stochastic comparability of the two measures can be reduced to that of the
processes. The advantage for the latter comparison comes from the intuition
of the stochastic dynamics. One can even see the answer from the coefficients
of the operators. See Examples 2.44-2.46 below.

A general result for p-optimal coupling is the following.

Theorem 2.35 (S.Y. Zhang, 2000a). Let (F,p, &) be Polish and ¢ > 0 be
a closed function.

(1) Given Py(zx,dyx), k = 1,2, there exists a transition probability P(zy,x;
dy;,dy,) such that Po(z,,25) = inf 56, .2y P@22) oz, x,), where for
fixed (21, 2,), P(®172) varies over all couplings of Py (x,dy,) and Py(z,,
dy,).

(2) Given operators €2, of regular jump processes, k = 1,2, there exists a
coupling operator Q of jump process such that Q¢ = infg ﬁ@, where Q
varies over all coupling operators of 27 and Q5.

According to Theorem 2.35 (1), Strassen’s theorem can be restated as fol-
lows: the Ipc-optimal Markovian coupling satisfies fi(F¢) = 0. This shows
that Theorem 2.35 (1) is an extension of Strassen’s theorem. Even though the
proof of Theorem 2.35 is quite technical, the main root is still clear. Consider
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first finite state spaces. Then the conclusion follows from an existence theo-
rem of linear programming regarding the marginality as a constraint. Next,
pass to the general Polish space by using a tightness argument (a generalized
Prohorov theorem) plus an approximation of ¢ by bounded Lipschitz func-
tions.

Concerning stochastic comparability, we have the following result.

Theorem 2.36 (Chen (1992a, Chapter 5), Zhang (2000b)). For jump pro-
cesses on a Polish space, under a mild assumption, Py (t) < Pa(t) iff

QllB(xl) < QQIB(QTQ),
for all x; < x4 and B with Ip € /.

Here we mention an additional result, which provides us the optimal solu-
tions within the class of order-preserving couplings.

Theorem 2.37 (T. Lindvall, 1999). Again, let A denote the diagonals.
(1) Let gy < p1y. Then

. Cney L
ot AT = Sl = pallvar

(2) Let P, and P» be transition probabilities that satisfy P; < P>. Then

. c 1
_ inf P(xq,29; A°) = §||P1(1'17')*P2(152a')||Var
P(xy,25; F¢)=0

for all x; < 5.

In fact, the left-hand sides of the formulas in Theorem 2.37 can be replaced,
respectively, by the Ipc-optimal coupling given in Theorem 2.35 (1).

For order-preserving Markovian coupling for diffusions, refer to F.Y. Wang
and M.P. Xu (1997).

Open Problem 2.38. Let p € C%(R??\ A). Prove the existence of p-optimal
Markovian couplings for diffusions under some reasonable hypotheses.

Open Problem 2.39. Construct p-optimal Markovian couplings.

2.4 Applications of coupling methods

It should be helpful for readers, especially newcomers, to see some applications
of couplings. Of course, the applications discussed below cannot be complete,
and additional applications will be presented in Chapters 3, 5, and 9. One
may refer to T.M. Liggett (1985), T. Lindvall (1992), and H. Thorrison (2000)
for much more information. The coupling method is now a powerful tool in
statistics, called “copulas” (cf. R.B. Nelssen (1999)). It is also an active
research topic in PDE and related fields, named “optimal transportation” (cf.
S.T. Rachev and L. Ruschendorf (1998), L. Ambrosio et al. (2003), C. Villani
(2003)).
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Spectral gap; exponential L?-convergence

We introduce two general results, due to Chen and F.Y. Wang (1993b) [see also
Chen (1994a)], on the estimation of the first nontrivial eigenvalue (spectral

gap) by couplings.
Definition 2.40. Let L be an operator of a Markov process (X;);>0. We say

that a function f is in the weak domain of L, denoted by %,,(L), if f satisfies
the forward Kolmogorov equation

t
E* f(X,) = f(z) + / EFL(X,)ds
or equivalently, if
t
X0 / LF(X.)ds
0

is a P*-martingale with respect to the natural flow of o-algebras { %, }1>0, where
Fy =0f{Xs:s <t}

Definition 2.41. We say that g is an eigenfuction of L corresponding to A in
the weak sense if g satisfies the eigenequation Lg = —\g pointwise.

Note that the eigenfunction defined above may not belong to L?(7), where
7 is the stationary distribution of (X¢);>0. In the reversible case, all of the
eigenvalues are nonnegative and all of the eigenfunctions are real.

The next two results remain true in the irreversible case (where A and g
are often complex), provided A is replaced by |A|.

Theorem 2.42. Let (E, p) be a metric space and let {X;}:>0 be a reversible
Markov process with operator L. Denote by g the eigenfunction corresponding to
A # 0 in the weak sense. Next, let (X, Y;) be a coupled process, starting from
(z,y), with coupling operator L, and let v:E x E — [0,00) satisfy y(z,y) =0
iff  =y. Suppose that

(1) g € Zuw(L),

(2) v € Zu(D),

(3) Ly(z,y) < —ay(x,y) for all x # y and some constant o > 0,
(4) g is Lipschitz with respect to =y in the sense that

cyry = sup v(y,z) " g(y) — g(z)| < oo.
y#£T

Then we have A > «

Proof. Without loss of generality, assume that a > 0. Otherwise, the con-
clusion is trivial. By conditions (2), (3) and Lemma A.6, we have

E™Yy(X,,Y) < vz, y)e ™, t20.
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Next, by condition (1) and the definition of g,

9(X,) - /0 Lg(X.)ds = g(X,) + A /O 9(X,)ds

is a P*-martingale with respect to the natural flow of o-algebras {#; }1>0. In
particular,

o) = [s000) + [ gxas]

Because of the coupling property,

E* {g(Xt) + /\/Otg(Xs)ds} = E*V {g(Xt) + )\/Otg(Xs)ds}

Thus, we obtain

o(z) — gly) = B [gom — g+ [ Tox) - gm)]ds].
0
Therefore
l9(2) — g(u)] < BY|g(X,) — g(¥i)] + AB= / l9(Xs) — g(¥)|ds

tAT
< g By (X4, V2) + Acg BTV / (X, Ye)ds
0

t
< €Y (@ y)e™ 4 Ay 0 (, y)/o e *ds.

Noting that g is not a constant, since A # 0, we have ¢, ., # 0. Dividing both
sides by v(x,y) and choosing a sequence (x,,y,) such that

19(yn) — g(@n) /Y (Yn, 2n) — ¢4 4

we obtain
¢
1<e @+ /\/ e ®ds=e "+ A1-e )/
0

for all t. This implies that A > « as required. [

One may compare this probabilistic proof with the analytic one sketched
in Section 1.2. B

When 7 is a distance, E*Y~(X}, Y;) is nothing but the Wasserstein metric
W = W; with respect to v of the distributions at time ¢. The above proof
shows that W7 can be used to study the Poincaré inequality (i.e., A1). Noting
that W5 is stronger than W7 for a fixed underframe distance p, it is natural
to study the stronger logarithmic Sobolev inequality in terms of Wy with
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respect to the Euclidean distance, for instance. To deal with the inequalities
themselves, it is helpful but not necessary to go to the dynamics, since they
are mainly concerned with measures. Next, it was discovered in the 1990s that
in many cases, for two given probability densities, the optimal coupling for Wy
exists uniquely, and the mass of the coupling measure is concentrated on the
set {(z,T(x)) : x € RY}. Moreover, the optimal transport 7' can be expressed
by T' = VU for some convex function ¥ that solves a nonlinear Monge—
Ampere equation. It turns out that this transportation solution provides
a new way to prove a class of logarithmic Sobolev (or even more general)
inequalities in R?. This explains roughly the interaction between probability
distances (couplings) and PDE. Counsiderable progress has been made recently
in this field, as shown in the last two books mentioned in the first paragraph
of this section.

Condition (3) in Theorem 2.42 is essential. The other conditions can often
be relaxed or avoided by using a localizing procedure. Define the coupling
time T = inf{t > 0 : X; = Y;}. The next, weaker, result is useful. It has a
different meaning, as will be explained in Section 5.6. Indeed, the condition
“sup, ., E"YT < 00” used in the next theorem is closely related to the strong
ergodicity of the process rather than A; > 0.

Theorem 2.43. Let {X;};>0, L, A, and g be the same as in the last theorem.
Suppose that

(1) g € Zu(L),
(2) sup,, l9(z) — g(y)| < oo

Then for every coupling P7Y, we have A > (supx?ﬁy INE’”’yT)_l.

Proof. Set f(z,y) = g(z) — g(y). By the martingale formulation as in the
last proof, we have

- ~ AT
flz,y) = ]Ex’yf(Xt/\%Yt/\T) - ]Ex’y/ Lf(Xs>Ys)ds
0
~ _ tAT
= Ew’yf(Xt/\%YtAT) + )\Ez’y/ f(Xs,Xs)ds.
0
Hence
- _ tAT
lg(x) — g(y)| <E™Y|g(Xiar) — g(Yinr)| + A]E“’/O l9(Xs) — g(Ys)|ds.

Assume sup,, ., E*YT < 00, and so ﬁ’zy[T < oo] = 1. Letting t T oo, we
obtain

B T
lg(x) — g(y)| < AE“”y/O l9(Xs) — g(Ys)ds.
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Choose x,, and y, such that

n—oo

lim |g(zn) = g(yn)| = sup|g(z) = g(y)]-
z,y
Without loss of generality, assume that sup, , [g(z) — g(y)| = 1. Then

1<\ lim E*¥(T).

n—oo

Therefore 1 < Asup, ., E=vT. [

For the remainder of this section, we emphasize the main ideas by using
some simple examples. In particular, from now on, the metric is taken to be
p(x,y) = |z —y|. That is, f(r) = r. In view of Theorem 2.30, this metric
may not be optimal, since f” = 0. Thus, in practice, additional work is often
needed to figure out an effective metric p. The details will be discussed in the
next chapter. Additional discrete examples are included in Appendix B.

To conclude this subsection, let us consider the Ornstein—Uhlenbeck pro-
cess in R%. By Theorem 2.30 (4), we have Lp(x,y) < —p(z,y), and so

E™Yp(X:,Y:) < p(x,y)e " (2.5)

By using Theorem 2.42 with the help of a localizing procedure, this gives us
A1 > 1, which is indeed exact!

Ergodicity

Coupling methods are often used to study the ergodicity of Markov processes.
For instance, for an Ornstein—Uhlenbeck process, from (2.5), it follows that

W(P(t,z,-),7) < C(z)e™ ", t>0, (2.6)

where 7 is the stationary distribution of the process. The estimate (2.6)
simply means that the process is exponentially ergodic with respect to W.

Recall that T' = inf{¢t > 0 : X; = Y;}. Starting from time T, we can
adopt the coupling of marching soldiers so that the two components will move
together. Then we have

|P(t,2,) — P(t,y, ) |[var < 2E®YI[x, 2y, = 2P"Y[T > t]. (2.7)

Thus, if P*¥[T > t] — 0 as t — oo, then the existence of a stationary distri-
bution plus (2.7) gives us the ergodicity with respect to the total variation.
See T. Lindvall (1992) for details and references on this topic. Actually, for
Brownian motion, as pointed out in Chen and S.F. Li (1989), coupling by re-
flection provides a sharp estimate for the total variation. We will come back
to this topic in Chapter 5.
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Gradient estimate

Recall that for every suitable function f, we have

~ _ tAT
@) = $0) = BV [F (Xon) = 1(inr)] =B [ [LF(0X) — LF(¥2) s
Thus, if f is L-harmonic, i.e., Lf = 0, then we have
flz) = fly) = E™Y [f (Xt/\T) - f(Yt/\T)]

Hence _
[f(@) = F)] < 2||flloc PY[T > 1].
Letting t — oo, we obtain

|f(@) = F)] < 211f oo P7YIT = o0].

Now, if f is bounded and ﬁ“’[T = oo] = 0, then f =constant. Otherwise, if
P*¥Y[T = oo] < constant- p(x,y), then we get

IV£lloo < constant - || f]oo,

which is the gradient estimate we are looking for [cf. M. Cranston (1991; 1992)
and F.Y.Wang (1994a; 1994b)]. For Brownian motion in R, the optimal
coupling gives us I@ly[T < 00| =1, and so f = constant. We have thus proved
a well-known result: every bounded harmonic function should be constant.

Comparison results

The stochastic order occupies a crucial position in the study of probability
theory, since the usual order relation is a fundamental structure in mathe-
matics.

The coupling method provides a natural way to study the order-preserving
property (i.e., stochastic comparability). Refer to Chen (1992a, Chapter 5)
for a study on jump processes. Here is an example for diffusions.

Example 2.44. Consider two diffusions in R with
a1(z) = az(x) = a(x), b1(x) < ba(x). (2.8)
Then we have Pi(t) < Py(t).

The conclusion was proved in N. Ikeda and S. Watanabe (1988, Section
6.1), using stochastic differential equations. The same proof with a slight
modification works if we adopt the coupling of marching soldiers.

A criterion for order preservation for multidimensional diffusion processes
was presented in Chen and F.Y. Wang (1993a), from which we see that con-
dition (2.8) is not only sufficient but also necessary. A related topic, the
preservation of positive correlations for diffusions, was also solved in the same
paper, as mentioned at the beginning of this chapter.

To illustrate an application of the study, let us introduce a simple example.
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Example 2.45. Let p* be the Poisson measure on Z, with parameter \:

ME) = 2
M(k)—k!e , k= 0.

Then we have * < " whenever A < \.

In some publications, one proves such a result by constructing a coupling
measure i such that i{(z,y) : * < y} = 1. Of course, such a proof is lengthy.
So we now introduce a very short proof based on the coupling argument.

Consider a birth—death process with rate

k£ A

a(k) =1, k) = e _k+1T as A 1.

Denote by P?(t) the corresponding process. It should be clear that
PMt) < PN(t) whenever A <N

[cf. Chen (1992a, Theorem 5.26; Theorem 5.41 in the 2°¢ edition)]. Then, by
the ergodic theorem,

i (f) = lim PX@)f < lim PY(0)f = p* (f)

for all f € #. Clearly, the technique using stochastic processes [goes back
to R. Holley (1974)] provides an intrinsic insight into order preservation for
probability measures.

We now return to the FKG inequality mentioned at the beginning of this
chapter. Clearly, the inequality is meaningful in the higher-dimensional space
R? with respect to the ordinary partial ordering. The inequality for a Markov
semigroup P(t) becomes

P(t)(fg) = P(t)fP(t)g, t=0, fige 4.

The study of the FKG inequality in terms of semigroups is exactly the same
as above. Choose a Markov process having the given measure as a stationary
distribution. Then, study the inequality for the dynamics. Finally, passing to
the limit as t — oo, we return to (2.1).

An aspect of the applications of coupling methods is to compare a rather
complicated process with a simpler one. To provide an impression, we intro-
duce an example that was used by Chen and Y.G. Lu (1990) in the study of
large deviations for Markov chains.

Example 2.46. Consider a single birth Q-matrix Q = (¢;;), which means that
Gii+1 >0 and ¢; =0 forall j>i+1,

and a birth—death @Q-matrix @ = ((jij) with Qii—1 = Zj<i Qij- If Tiit1 2 Giit1
for all i > 0. Then P(t) < P(t).
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The conclusion can be easily deduced by the following coupling:

(il, ig) — (il — k’7 ’ig — 1) at rate
— (i1 — k, i2) at rate
— (i1, 42— 1) at rate
— (i1+1,i2+1) at rate
— (i1 +1,12) at rate
— (i1, 92+ 1) at rate

Qi in—k N Qi ia—k

(Qil,m—k - qiz,isz)Jr
(Qiz,m—k - qil,i1*k)+

Qivir+1 A Qigig+1

(@irir 41 = Tinint+1) T
(Tinsint1 — Girin+1) T

)

where we have used the convention g;; = 0 if j < 0. Refer to Chen (1992a,
Theorem 8.24) for details. This example illustrates the flexibility in the ap-

plication of couplings.

The details of this chapter, except for diffusions, are included in Chapter

5 of the second edition of Chen (1992a).

Finally, we mention that the coupling methods are also powerful for time-
inhomogeneous Markov processes, not touched on in this book. In fact, the
fundamental theorem 2.14 is valid for Markov jump processes valued in Polish
spaces [cf. J.L. Zheng (1993)]. For estimation of convergence rate, refer to
A1 Zeifman (1995), B.L. Granovsky and A.I. Zeifman (1997).



Chapter 3

New Variational Formulas
for the First Eigenvalue

This chapter is devoted to the proofs of the main variational formulas in-
troduced in Section 1.2. Two quick proofs for the discrete case are given in
Section 3.2. Then, three sections are used to explain the ideas in detail for
the proof in the geometric case. In Section 3.6, we compare the coupling
methods with other techniques. The last two sections are more technical. In
Section 3.7 we show that the new variational formulas are indeed complete in
dimension one. The results for the first Dirichlet eigenvalue are similar and
are presented in Section 3.8 for the discrete case.
Let us begin with some background on this topic.

3.1 Background

As mentioned in the first chapter, since the spectral theory is central to many
branches of mathematics and the first nontrivial eigenvalue is the leading term
of the spectrum, it should not be surprising that the study of A; has a very
wide range of applications. Here we mention two fashionable applications
only.

Phase transitions

In the study of interacting particle systems, a physical model is described by
a Markov process with semigroup {P;}+>0 (depending on temperature 1//3)
having stationary distribution 7. Let L?(7) be the usual real L?-space with
norm || - |.

Figure 3.1 shows that at higher temperatures (small 3), the corresponding
semigroup {P;}+>0 is exponentially ergodic in the L?-sense:

1Pef =7 (F)] < I = 7(H)lle ™,
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where w(f) = f fdm, with the largest rate A1, and when the temperature goes
to the critical value 1/8,, the rate will go to zero. This provides a way to des-

(8 = 1/temperature

Y

0 B,

Figure 3.1 The first eigenvalue and phase transitions

cribe the phase transitions, and this is now an active research field. Further
remarks are given at the end of Chapter 9. The next application we would
like to mention is to Monte Carlo Markov chains.

Monte Carlo Markov chains (MCMC)

Consider a function with several local minima. The usual algorithms go at
each step to a place that decreases the value of the function. The problem is
that one may fall into a local trap (Figure 3.2).

MCMC

Local trap

Figure 3.2 The first eigenvalue and random algorithm

The MCMC algorithm avoids this by allowing the possibility of visiting
other places, not only toward a local minimum. The random algorithm con-
sists of two steps.

e Construct a distribution according to the local minima, staying at a
lower place with higher probability, in terms of the Gibbs principle.
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e Construct a Markov chain with the stationary distribution given above,
and with a fast convergence rate (i.e., A1).

The idea is a great one, since it reduces some NP problems to the P problems
in computer science. The effectiveness of a random algorithm is determined
by A1 of the Markov chain. Refer to M.R. Jerrum and A.J. Sinclair (1989),
and A.J. Sinclair (1993) for further information.

Here is a practical example, called the traveling salesman problem: find
the shortest closed path (without loops) among 144 cities in China. For
a computer with speed of computing 100° paths per second, a brute-force
search would require

143!

~ 100!
109 x 365 x 24 x 60 x 60

years for the computation. This is a typical NP problem. However, by using
MCMC, it can be done quickly, as in L.S. Kang et al. (1994). The resulting
best path has length 30,421 kilometers, only about 40 kilometers different
from the best known length: 30,380 kilometers.

3.2 Partial proof in the discrete case

In the section, we introduce a short proof for the lower bound of A\; in the
discrete case. Even though the proof is very elementary, it does illustrate a
good use of the Cauchy—Schwarz inequality. Recall that

be by
o =1, gy =~ i>1.
alnq.ai

For an infinite matrix, we need the assumption

00 k >
Z%Zui:oo and Z:ZHi<OO- (31)
o CkHE 5 i=0

Let
mo=wi/Z,  L*(m) = {f:7(f?) < oo},

where 7(f) = Y ;o,mifi. The first eigenvalue is defined by the classical
variational formula as follows:

A =inf {D(f):7(f) =0,7(f*) =1}, (3.2)

where D(f) = Yoo mibi(fir1—fi)?. We are now going to prove the variational
formula for the lower bounds (cf. Theorem 1.5):

A1 > sup inf Li(w)™' > sup inf I;(w) !, (3.3)
wel > wew 120
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where
W = {’LU Wy = Oa W; TT}7 %\: {w L w; TT; 7T(1,U) 2 O}a
u?i:wi—w(w)7 120,

1 > __
L(w)= —— w;,  i20, we,
z( ) Hibi(wi+1 - ’wl) j;l Hj W =

and “T7” means strictly increasing.

Analytic proof of (3.3)

Clearly, it suffices to prove the first estimate in (3.3), since {w : w € #'} C .

(a) First, we prove that I;(w) > 0 for each w € # and all i > 1.
Equivalently, 7%, ) pjw; > 0 for all i > 0. Otherwise, let ig satisfy
Z;‘;inﬂ pijw; < 0. Then, since w; is strictly increasing, it follows that
w;, < 0, and furthermore,

00 io S 10 %0
0< Y pyws =Y pywy+ > pywy < Y pyw; <wig y p; <0,
=0

j=0 =0 j=io+1 =0

This is a contradiction.

(b) For each i > 0, define a bond e; := (i,i+1). Next, for each pair 4, j (i <
j), let vi; be the path (only one) consisting of the bonds e;, €it1,...,€j_1.
Given w € %, choose a positive weight function (w(e)) on the bonds, w(e;) =
w41 — w;, and define the length of the path ;; to be |vij|w = Eeeﬁj w(e).
Set

Jw)e) = ——— Y |jleminy,

a(e)w(e) Gifrsse

where a(e;) = m;b;. At the same time, we write f(e;) = fi+1 — fi-
(c) As a good application of the Cauchy—Schwarz inequality, we have

(5 0) - (5 i) < (5
Thus, for every f with 7(f) = 0 and 7(f2) = 1, we obtain

1= %;Wﬂj(ﬁ 5= 7Ti7fj< > f(6)>2

{i.3} e€Yij

< Z WU( ZJ gfg;)lwlw
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SDICHCT D SR P

{2,5}:vij2e

< D(f) sup J(w)(e),

where {i, 7} denotes the unordered pair of i and j. The first equality follows
by expanding the sum on the right-hand side of the equality; the last equa-
lity follows by exchanging the order of the sums. Clearly, the proof in this
paragraph works for general Markov chains on a graph.

Note that for every £ > k,

Vielw = (Wrt1 — wg) + -+ + (wr — we—1) = wg — wy.

If a path v (k < ) contains e; = (i,i + 1), then k € {0,1,...,i} and
te{i+1,i+2,...}. Hence, once 7(w) > 0, we have

Z Vot wTh e

{k L} vreDe;

7 oo
= E E Wkﬁg(wg—wk E Tk E TyWy — E TWEk E Yy

k=0{¢=i+1 =0 l=i+1 l=i+1
o0
= Z TyWy — ( Z ) Z TyWy — Zﬂkwk Z Ty
l=i+1 =1+1 l=i+1 l=i+1
o0 o0
= Z TeWe — ( Z 7Tk> (ZF@’LU@) < Z oWy, 1> 0.
l=i+1 k=i+1 =0 l=i+1

Collecting the above two inequalities together whenever 7(w) > 0, we have

1< D(f)sup J(w)(e;)) < D su W,
() sup J(w)(e:) < D(f)sup s Z; s
— () . >
B 31211(:)) Wzbz(wH»l - wz) W]w]
Jj=i+1
1
= D(f)sup —————— Z pjw;.

i>0 pibi(wit1 —w;) j=it1

Combining this with (a), it follows that D(f) > inf;>o I;(w)~!. Now, by
conditions 7(f) = 0, 7(f?) = 1, and (3.2), we get A1 > inf;>0 I;(w)~!. Since
we W is arbitrary, we obtain Ay > sup, > infi>o I;(w)~ L. That is what we
required. O

Coupling proof of (3.3)

We use the same notation % and I(w) introduced below (3.3).
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Fix w € # and define

ZMJ Wy, =0,

zPJz

j=i+l
gl:Zuk7 1207
k<i

From part (a) in the last proof it follows that u; > 0 for all ¢ > 0. Hence g
is strictly increasing, and so p is a distance.
Next, we adopt the classical coupling. Because of the symmetry wp;b; =
Mit1ait1 (i = 0), we have
Qep(iyi+1) = [Qp( i+ D)) + [2p(0, )] +1)
= [2(gi+1 — go)I(@) + [2(ge — 92)](i + 1)
=Qg(i+1) = Qg(i)

= bt 1Uit1 — Qip1U; — bius + azui—q

i1
P R ]
Hit1 j>it2 bipi S
- 3 i
]>7,+1 z 1Hi—1 i>i
= —Wiy1 + Wi

(Wit1 — w;)bip ) Zj>i+1 HjW;j
Zj>i+1 MWy bifti
= —Li(w) " 'p(i,i+ 1)
—|inf I - } 0,1+ 1 > 1.
[lgo p(w)™ |pii+1), i

On the other hand, since Zj pijw; = 0, we have
fNZCp(O, 1) =Qg(1) — Qg(0) = bru; — ajuy — bouy

b
:_Z Hjw; — a1+ OZ“J w;

Ha j=2 =1

-y :uwa < —(wy — w)
]>1

~ [ inf Li(w) ™[ p(0,1).
[t Li(w) ™ p(0. 1)
Collecting these two estimates together, we obtain
Qepli, ) = Qepliyi+1) + -+ Qep(j — 1,5)
[t roid), i<
L‘Eo i(w)” | pli,g), i<
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This proves the key condition (1.23), from which the conclusion (3.3) follows
by a localizing procedure. Refer to Theorem 2.42. [

Clearly, the key point in the last proof is the choice of the distance p,
which is not obvious at all. We will explain this point in detail in Section
3.4. Actually, the two equalities in (3.3) all hold and so we have complete
variational formulas for the lower bound of the first eigenvalue. Since the
proof is more technical, we would like to delay it to Section 3.7.

In the next three sections, we explain the ideas of the proof in the geometric
case for the variational formula (1.11).

3.3 The three steps of the proof in
the geometric case

In this section, we explain the three steps to prove the variational formula
(1.11).

Choosing a coupling

Let (B;) be the standard Brownian motion (BM) in R? and let (X;) be the
solution to the stochastic differential equation (SDE):

dX, = V2dB,,  z,=ux. (3.4)

The process corresponds to the operator A (half of it corresponds to the BM).
Certainly, we can define a process (Y;) in the same way but with different
starting point:

dY; = vV2dB,,  yo=uv. (3.5)

Now, because the processes (X;) and (Y;) are defined on the same probability
space, we obtain a coupling, that is, the coupling of marching soldiers (X;, Yz).
However, in what follows, we will use another process (Y;), which is defined
by

dY, = V2H(X,,Y,)dB:,  yo =y, (3.6)

where H(z,y) = I —2(x — y)(z — y)*/|x — y|>. Note that H(z,y) has no
meaning when z = g, so the process (Y;) given in (3.6) is meaningful only up
to the coupling time
T:=inf{t >0: X; =Y;}.

Starting from the time T, we define Y; = X;. We have thus constructed a
process (V7). Clearly, this (V;) strongly depends on (X;). Of course, the solu-
tions of (3.5) and (3.6) are different, but they do have the same distribution,
due to the invariance of orthogonal transform of BM and the fact that H(z,y)
is a reflection matrix. The last couple (Xy,Y;) is the coupling by reflection
discussed in the last chapter.

Intuitively, the construction of (¥;) can be completed in two steps: Let

y# .
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e Transport X; from x to y in parallel along the line (x,y).

e Make the mirror reflection of the transported image of X; in the hyper-
plane that is perpendicular to the line (z,y) at y.

Then, the mirror image gives us the process (Y7).

For the diffusion (X;) on manifold M with generator A, a process (Y;)
can be constructed in a similar way. Roughly speaking, one simply replaces
the phrase “the line (z,y)” in the above construction by “the unique shortest
geodesic v between = and y.” Certainly, there are some technical details and
geometric difficulty (the cutlocus for instance) in the construction; refer to
W.S. Kendall (1986) and M. Cranston (1992). An account of this coupling is
now contained in E.P. Hsu (2002).

The appearance of the coupling by reflection is a crucial step in the de-
velopment of the coupling theory. For a long period, one knew mainly the
classical coupling; it is successful (i.e., P[T < oo] = 1) for BM in R? iff d = 1
[cf. Chen and S.F. Li (1989)]. Thus, one may have an impression that a
process having a successful coupling ought to be recurrent. But the coupling
by reflection shows that the success can be much weaker than the recurrence,
since this coupling is successful in any dimension [cf. T. Lindvall and L.C.G.
Rogers (1986), Chen and S.F. Li (1989)]. The key point is that the strong
dependence of (Y;) on (X;) enables us to reduce the higher-dimensional case
to dimension one.

Computing the distance

Throughout this chapter, we consider a connected, complete Riemannian ma-
nifold M with Ricc > K for some K € R. In most cases, we consider compact
M only. Denote by p the Riemannian distance on M. For the distance of the
coupled process (X¢,Y;), the following formula was proved by W.S. Kendall
(1986) and M. Cranston (1992):

000 =234+ | [ 3 (9w mov oo w) |

Xt =2
— dL, t<T, (3.7)
where W, i = 2,...,d, are Jacobi fields along the unique shortest geodesic

v between X; and Y;, U is the unit tangent vector to 7, the integral in [ - -]
is along v, (Bt) is a BM in R, and (L) is an increasing process with support
contained in {t > 0 : (X, Y;) € C}, C := {(z,y) : « is the cutlocus of y}.
When (X¢,Y;) € C, the coefficient of d¢ is taken to be 0.

The formula is a finer version of the deterministic situation. The second
term on the right-hand side of (3.7) is more or less familiar, and comes from
the second variation of arc length. The first and the last terms are new in the
stochastic case. Since the measure of the cutlocus equals zero, the last term
is not essential. Next, because the mean of the first term is zero, it will be
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ignored once we take the expectation, as we will see soon in the next step.
However, the condition “¢ < T” is crucial to avoid the singularity at ¢ = T
This is the main place for which the present proof is probabilistic.

To estimate p(Xy,Y;), we need only to deal with the second term on the
right-hand side of (3.7). By comparing M with a manifold with constant
sectional curvature, M. Cranston (1992) proved that when K < 0, this term
is controlled by

2\/—K(d— 1) tanh (% d_—K1> pr = p(X1, V7). (3.8)

It was then proved by Chen and F.Y. Wang (1993b) that the same conclusion
remains true when K > 0, in which case, (3.8) can be rewritten as

_2\/K(d—1) tan (% % pt>.
- +(r) = 2/~K{@=T) tank (%\/g ).

Then we obtain
dpy < 2v2dBy + v(p)dt — dL; < 2V2dB; +~(p)dt,  t<T. (3.9)
Equivalently,

tAT tAT
PiaT — Po S 2\/5/ dB +/ v(ps)ds.
0 0

Taking the expectation, we get

tAT
E*Ypiar < po + E“’/ Y(ps)ds. (3.10)
0

In order to get an exponential rate, we need the condition
y(r) < —ar for some a > 0. (3.11)
When K > 0, since tanf > 6 on [0,7/2], we have @ = K. Under (3.11), we

have

~ tAT _ tAT - t
Ez,y/ ’Y(Ps)ds < —OZEI’y/ Pst = _aELy/ ps/\TdS
0 0 0

t
= foz/ E*Y psards,
0
since p,,p = 0 for all ¢ > T. Combining this with (3.10), we obtain
E™Ypoap < poe .
Equivalently, _
E™Yp; < poe” ™, t>0 (3.12)

This is the key estimate of our method.
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Estimating )\,

Let g be an eigenfunction of \;: —Ag = \1g, g # constant. Then E*g(X};) =
g(z)e= Mt for all t > 0. This gives us a relation between )1, g, and the process
(X¢). The same relation holds for (Y;). Note that the coupling property gives

us E*¥g(X,) = E®g(X;). By (3.12), we have

e M g(z) — g(y)| = [E"g(X;) — EVg(Y2)| = |E™ [g(Xe) — g(¥2)]]
< L(9)E™¥py < L(g)poe™ ™"
= L(g)p(x,y)e ", t=0,

where L(g) is the Lipschitz constant of g. This gives us immediately A\; > «,
and hence our proof is complete.

The proof is very much the same as sketched in Section 1.2.

The last step of the proof is rather simple but may not be so easy to
discover. This is indeed a characteristic of various applications of the coup-
ling methods: once the idea is understood, the proof often becomes quite
straightforward.

3.4 Two difficulties

Roughly speaking, we have explained half of the first version of the paper by
Chen and F.Y. Wang (1993b). The problem is that the above arguments are
still not enough to obtain the sharp estimates listed in Table 1.2. For instance,
when K > 0, we get the lower bound a@ = K only, as mentioned right after
(3.11). The best we can get (when K > 0) is 8/ D? rather than the sharp one
72/D?, where D is the diameter of the compact manifold M. Even for the
bound 8/D?, we still need to estimate E*¥T (cf. Theorem 2.43), which we
are not going to discuss here.

We now return to analyze the proof discussed in the last section. In the
last step, we need the Lipschitz property of g. The noncompact case can often
be reduced to the compact one [cf. Chen and Wang (1995)] and in the latter
case, g is smooth and hence the Lipschitz property is automatic. Thus, in
the whole proof, the key is the estimate (3.12), for which we require not only
a good coupling but also a good distance. This is not surprising. Since the
convergence rate is not a topological concept, it certainly depends heavily on
the choice of a distance. There is no reason why the underlying Riemannian
distance should always be a correct choice.

Optimal Markovian coupling

The first question relates to the effectiveness of the coupling used above. Is
there an optimal choice? This problem is quite hard, as explained in Section
2.2. However, the goal for optimality becomes clear now, that is, choosing a
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coupling to make the rate o as big as possible, or in a slightly wider sense, to
make

E*Yp(Xy,Yr)

as small as possible for all ¢ > 0, and for every fixed pair (z,y) and fixed p.
Because we are dealing with Markovian coupling, we can use the language of
coupling operators, studied in the last chapter. Of course, one can translate
the discussions here into stochastic differential equations. Note that under a
mild assumption, the last statement is equivalent to that Lp(z,y) is as small
as possible for every pair (z,y),  # y. This leads to the definition of p-optimal
coupling operator L:

Lp(z,y) = irzlf Lo(z,y), x#y,

where L varies over all coupling operators (cf. Section 2.2).

Some constructions for the optimal Markovian couplings are presented in
the last chapter. In particular, Theorem 2.30(4) tells us that the coupling by
reflection is already good enough even for the BM on manifolds. Furthermore,
it suggests that we use f o p instead of the original Riemannian distance p.
The construction of a new distance is the second main difficulty of the study,
and this is the content of the remainder of this section.

Modification of Riemannian distance

To illustrate the use of the above idea, assume that K > 0 and take p = sin 75.

Since 7 < D, p is a distance. To compute dj;, noting that dp; < 2v/2dB;,
apply It6’s formula plus a comparison argument,

2
T
dpy < — 0t 9v24B - sin - 8dt, t<T.
pi< 55 0 gy 2V2dBi = 5 gy sin g <
The first term is a martingale, denoted by M;. We then obtain

2

%ﬁtdt t<T.

Repeating the proof given in the last section, we get

dps < dM; —

~ 7-(-2

E*Yp, < pyexp [— ﬁt}
Thus, we obtain luckily A\; > 7r2/D27 which is optimal in the case of zero
curvature. By using the sine function again with a slight modification (which
comes from some controlling equations of (3.9) with constant coefficients), we
can obtain the other two optimal lower bounds [i.e., (1.1) and (1.7)], as shown
in the final version of Chen and F.Y. Wang (1993b, Theorem 1.8). Finally, it
is interesting to remark that 26/ < sinf < 6 on [0, 7/2], and so the distances
p and p used above are actually equivalent. However, the resulting rates are
essentially different.
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Redesignated distances

Is there any other choice of the distance? The question is again easy to state
but not so easy to answer. Indeed, we did not know for a long time where we
should start from. This problem becomes more serious when one goes to the
noncompact situation. Intuitively, distances cannot be good if with respect to
them the eigenfunction ¢ is too far away from being Lipschitz. As usual, we
are taught by simple examples. Consider the diffusion on the half-line [0, o)
with operator
L=ad?/dz? —bd/dz

for some constants a, b > 0 and with the Neumann boundary condition at
the origin. If one adopts the Euclidean distance, then it gives us nothing. So
what distance should we take? Owur goal is to look at the eigenfunction of
A1 = b?/4 in the weak sense (without loss of generality, set a = 1):

g(x) = (1 — bx/2) explbx/2] € L'(r) \ L*(n).
This suggests that we construct a new distance p from the leading part of g:

p(x,y) = | explyz] — exp[yy]|

for suitable v > 0. Surprisingly, it gives us the exact estimate of A\; even
though the eigenfunction g is still not Lipschitz with respect to this distance
[cf. Chen and F.Y. Wang (1995)]. Furthermore, if g is strictly monotone
(which is indeed the case in dimension one but the proof is rather technical,
cf. Section 3.7 below), we can always take |g(z) — g(y)| as the distance we
require. This provides us a way to construct and to classify the distances
according to different classes of elementary functions [cf. Chen (1996), Chen
and F.Y. Wang (1997b)].

However, there is still a serious difficulty in the construction of the new
distance, since the eigenvalue A; and its eigenfunctions g are either known
or unknown simultaneously. To see this, consider another example on the
half-line with operator L = a(z)d?/dz?. A beautiful estimate due to I.S. Kac
and M.G. Krein (1958), S. Kotani and S. Watanabe (1982) says that

1( /°° du )1 < /°° du >1
—| sup = —_— <A < | supx —_— .
4\ >0 =z a(u) >0 x a’(u)

Now, in order to recover this estimate using our method, according to what
was discussed above, we have to know some information about the eigenfunc-
tion g. Even in such a simple situation, it is still hopeless to try to solve
g from a(z) explicitly. What can we do now? Once again, we examine the
eigenequation:

a(z)g”" = —Mg <= g'(s) = /OO Aug(u) du (since g'(00) = 0)

s alu)
<~ g(z) = g(0) + /03c ds /00 /\;?l(;;) du. (3.13)
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Since we are dealing with the ergodic case, we can regard oo as a Neumann
boundary, and so g’(c0) = 0. What we have done is just to rewrite the diffe-
rential equation as the corresponding integral equation. Is the last equation
helpful? The answer is affirmative. We now move step by step as follows:

e Regard \1g as a new function f.

e Regard the right-hand side of (3.13) as an approximation of the left-hand
side g.

e Ignore the constant g(0) on the right-hand side, since we are interested
in the difference g(x) — g(y) only.

In other words, these considerations suggest to us to take

§() :/OI ds /:o ‘ZEZ;du (3.14)

as an approximation of g (up to a constant) and then to take p(z,y) = |g(z) —
J(y)|- The function f used above is called a test function. A slightly different
explanation of the construction goes as follows. Even though the equation
(3.13) cannot be solved explicitly, as usual we have a successive approximation
procedure. Thus, one may regard (3.14) as the first step of the approximation
and go further step by step. However, the further approximations are not
completely necessary, since on the one hand it becomes too complicated and
on the other hand it is not as effective as modifying the test function f directly.
Next, we consider the general operator on the half-line:

L = a(zx)d?/de? + b(z)d/dz.

By standard ODE, it can be reduced to the above simple case. The approxi-
mation function now becomes (cf. Chen and Wang (1997b))

r o £l eC(u) " b(u
g(r):/o e_C(S)ds/ %du, C(r) ;:/O M) gy (3.15)

u a(u)

We have thus obtained a general construction of the mimic eigenfunctions
and furthermore of the required distances. It should be not surprising that
the reconstruction of the distances is a powerful tool in many situations. This
will be illustrated in the next section.

Optimizing the distances

Before moving further, let us mention that an optimizing method of the dis-
tance induced from (3.15) as well as some comparison methods is developed
in Chen and F.Y. Wang (1995). In short, the condition “Lp(z,y) < —ap(z, y)
[which is equivalent to (3.12)] holds for all large enough p(z,y)” but not nec-
essarily “for all x # y” is enough to guarantee a positive lower bound of
Al



54 3 New Variational Formulas for the First Eigenvalue

3.5 The final step of the proof of the formula

Up to now, we have discussed only the construction of the mimic eigenfunc-
tions ¢ in the case of a half-line. But how do we go to the whole line and
further to R? and a manifold M? This seems quite difficult. However, the an-
swer is still rather simple once the idea has been figured out. As we have seen
from Section 3.3, the coupling methods reduce the higher-dimensional case to
computing the distance of the coupled process, and then the distance itself
consists of a process valued in the half-line [0, 00). We have thus returned to
what was treated in the last section.
Recall that

1 | -K
~v(r) = 2y/—K(d — 1) tanh (5 71 r)
and p; = p(Xy, Yy). From (3.9), it is known that

dp; < 2v2dBy +y(p)dt,  t<T. (3.16)

The one-dimensional diffusion operator corresponding to (3.16) with equality
is

Ly = 4d*/dz? + y(z)d/dz
on [0, D] with absorbing boundary at 0 and reflecting boundary at D. This is
indeed simpler than what we discussed in the last section (a(x) = 4). Redefine

C(r) = exp E /0 ' ’y(s)ds} .

Then the approximation function defined by (3.15) becomes

o) = [ certas [ " Cw) udu

up to a constant factor. Now the same proof as given in Section 3.3 and the
second subsection of Section 3.4 implies rather easily the formula (1.11).

To derive Corollary 1.2 from Theorem 1.1, one needs to deal with the
double integral in (1.11). For this, the main tool is the FKG inequality (2.1).

It remains to explain the choice of the test functions used in Corollary
1.2, f(r) = sin 35 for instance. Recall that the main result obtained by Chen
and F.Y. Wang (1993b) compares A; of the original operator with the first
eigenvalue )\(()1) of the one-dimensional operator L; with Dirichlet boundary

at 0 and Neumann boundary at D. Since in general, /\él) is not computable
explicitly, one uses a constant instead of the function «y. In the case of K > 0,
since y(r) < 0, it is natural to replace v by the constant 0. Then the first
eigenfunction for the new operator is f(r) = sin 37, which is just the test
function used in Corollary 1.2(1).



3.5 The final step of the proof of the formula 55

Similarly, when K < 0, since

r | =K D |-K

it is natural to use the operator Ly = 4d?/da? + y,d/dz, for which the eigen-
function of the first eigenvalue

2) _77K(d—1) 9 2 -K 9
Ay = —a tanh S\ 771 sech”6

of Ly has the form f(r)=exp[—v,r/8] sinh (y,67/8), where §=1/1— 16)\82)/73
and 6 is a root of the equation 6 = 6 tanh #, which is the (decreasing ) limit
of 0y,

01 = ’)/OD/S, Gn = 91 tanh Gn,l, n 2 2.

This is the test function used in Chen (1994a, Theorem 6.6) to deduce the
following result:

A=A,

Noting that tanhz ~ 1 as ¢ — o0, 7y ~ 2¢/—K(d—1) and § ~ 6; ~
%\/—K(d — 1) as K — —o0, the leading order of )\(()2) grows as

-K
sech?d = cosh 26 ~ cosh' ¢ Q _—
2Vd-1

when K — —oo. This means that as K — —oo, the leading term of the lower
bound provided by Corollary 1.2 (2) is quite good. Note that as K — —o0o,
0 ~ 1, and so the above eigenfunction f grows as follows

%(lexp {% K(dl)D ~ %<1cosh1_d [g d?KlD

The right-hand side is close to zero for small |[K|. The change to the test
function used in Corollary 1.2 is to keep the balance of K = 0 and K — —o0.

We have thus completed the proof in the geometric case. Our proof is
universal in the sense that it works for general Markov processes, as shown by
Theorems 2.42 and 2.43. We also obtain variational formulas for noncompact
manifolds, elliptic operators in R? [Chen and F.Y. Wang (1997b)], and Markov
chains (Chen, 1996). It is more difficult to derive the variational formulas
for the elliptic operators and Markov chains due to the presence of infinite
parameters in these cases. In contrast, there are only three parameters (d,
D, and K) in the geometric case. In fact, formula (1.11) is a particular
consequence of our general formula (which is complete in dimension one) for
elliptic operators.
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Finally, we mention that the same method is used by Y.Z. Wang (1999) and
Y.H. Mao (2002d; 2002¢) to show that for diffusion on a compact manifold,
the rate of strongly ergodic convergence is bounded below by

-1

4{/0[) C’(s)lds/SD C’(u)du] : (3.17)

Note that this lower bound coincides with (1.11) by setting the test function
f =1. We will come back to this topic in Chapter 5.

3.6 Comments on different methods

First, we would like to make some remarks on the Dirichlet eigenvalue (called
the D-problem for short). Similarly, we have an N-problem (Neumann or
closed eigenvalue problem). It is interesting to note that historically, most
of the publications in this field are devoted to the D-problem rather than
the N-problem. The main reason is that the D-problem is equivalent to the
maximum principle. Let B(p,n) be the ball centered at p with radius n. It is
well known [go back to J. Barta (1937); refer to H. Berestycki, L. Nirenberg
and S.R.S. Varadhan (1994), and references within] that

A1 =sup inf (=Lf)/f, (3.18)
f

B(p,n)

where f varies over all C?(B(p, n))-functions with f|gp(pn) =0 and f > 0 on
B(p,n). In other words, we have a variational formula for the lower bound
for the D-problem. Note that the maximum principle is a powerful tool in
PDE. One should not be surprised that one can do a lot with the D-problem.
However, this formula does not work for the N-problem. The reason is simply

Dirichlet: f(02) =0

<= Maximum principle

Neumann: df/0n=0, /fd?T:O.
Surface {f =0} depends on L,

Figure 3.3 Intrinsic difference of the methods

that the eigenfunction ¢ in the Neumann case must cross zero and so is Lg,
because the mean of g equals zero. See Figure 3.3. Hence, there is a singularity



3.6 Comments on different methods 57

of (—Lg)/g around the zero point, which causes serious difficulty when the
eigenfunction ¢ is replaced by its perturbation f. Traditionally, one transfers
the N-problem to the D-problem, as will be studied in the next chapter.
This explains why one often thinks that the N-problem is more difficult than
the D-problem. It seems that the N-problem is also more difficult than the
closed problem. For instance, for the Neumann eigenvalue A\; with convex
boundary, the best known lower bound is Lichnerowicz’s estimate obtained
by J.F. Escobar (1990) in the case of K > 0, and up to now we have not
seen in the literature a proof about “\; > 72/D?” for general K > 0. The
known estimates of A for the N-problem in the case of K < 0 are all less than
the known estimates for the closed eigenvalue (refer to the books quoted at
the beginning of Section 1.2). However, as we mentioned above, Theorem 1.1
and its corollaries are all suitable for the Neumann eigenvalue \; with convex
boundary. These discussions also show that the use of coupling enables us to
avoid the singularity, just as mentioned above. The degeneracy of the coupled
process appears at time 7 only, and before time 7', the process is quite regular.
This is somehow similar to the D-problem, for which the degeneracy appears
at the boundary only. In other words, the coupling method plays an analogous
role in our proof as the maximum principle played for the D-problem.

Geometric proof

We now recall Li-Yau’s method (1980).
Let g be the eigenfunction corresponding to A\;. By using a normalizing

procedure, assume that 1 = supg > infg =: —k. Here is the Li-Yau’s key
estimate: o)

Vgl < =22 (1= g)(k + 9).

Vol < 77— 9k +9)

That is often called the method of gradient estimation. To improve Li—Yau’s
estimate of A1, a key result is Zhong—Yang’s estimate (1984):

IVOI> < M\ (1 + a9 (0)),

where
6 = arcsin(a linear function of g) Lk
= arcsin(a linear function ) e = ———,
g ST ArE)(Ite)
2[260 4 sin(20)] /7 — 2sin @ T
) 0e |- 5 o |
cos2 6 272
»(0) =11, G_g,
-1, /R
2

This estimate has been improved step by step by H.C. Yang, F. Jia, D. Zhao,
et al. See also P. Kroger (1992; 1997), D. Bakry and Z.M. Qian (2000). All
of the proofs are based on the maximum principle. From this, it should be
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clear that Zhong—Yang’s proof cannot be simple, and is completely different
from the probabilistic proof discussed in Sections 3.3-3.5.

Here is one more comment. As mentioned in the last section, the coupling
method enables us to bound A; in terms of the first mixed eigenvalue /\él) of
the operator L; = 4d*/dr? 4 ~(r)d/dr (with boundary conditions f(0) = 0
and f/(D) = 0). Since v is odd, v(—r) = —7(r), the first mixed eigenvalue
)\(()1) of Ly on (0, D) coincides with the first nontrivial Neumann eigenvalue )\gl)

of Ly on (—D, D). Hence, )\gl) bounds A; from below. This is the main result
presented in Theorem 2 and its remark of P. Kroger (1992), and Theorem 14
of D. Bakry and Z.M. Qian (2000). Nevertheless, to obtain formula (1.11), as

explained in the last two sections, one more step is required: expressing )\(()1)
as the right-hand side of (1.11) (see also Theorem 6.1 (2)).

No doubt, our method should be useful for complex manifolds. However,
much work is expected to be done.

Open Problem 3.1. Study the first eigenvalue for complex manifolds by coup-
lings.

3.7 Proof in the discrete case (continued)

The main purpose of this section is to prove that each sign of the equalities
in (3.3) holds. We use the notation given in Section 3.2 and restate the result
as follows.

Theorem 3.2. We have

A= inf I;(w) ! = inf I; (@) !. 3.19
1= sup inf i(w) sup inf (w) (3.19)

To prove these two equalities, we need some properties of the correspon-
ding eigenfunction, and so the proof is rather technical.

Proposition 3.3. Let A > 0 and g # 0 be a solution to the equation Qg = —\g.
Then go # 0 and

Tnbn(gnt1 — gn) = =AY _migi, 1 >0 (3.20)
=0

Proof. The formula (3.20) follows from

N> migi =Y miQg(i) =Y [miailgio1 — gi) + mibi(gie1 — 9i)]
i=0 i=0 i=0

n
= Z [ = miai(gi — gi—1) + Tit10i41(gi1 — 9i)]
=0

= —myag(go — 9-1) + Tn+1@n41(gn+1 — gn)
- Wnbn(gnJrl - gn)
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Here the additional term g_; can be ignored, since ay = 0.
If go = 0, then by induction and (3.20), it follows that g; = 0. This is a
contradiction. [

Proposition 3.4. Let \; > 0 and let g be a solution to the equation 2g = —\1g
with go < 0. Then g; is strictly increasing.

Proof. Since g9 < 0, by (3.20), we have g1 > go. If g; were not strictly
increasing, then there would exist an n > 1 such that

9o <91 < <gn-1<Ygn Z gn+1- (3.21)
We are going to prove that this is impossible.
By (3.20), we have

k
gk < (respectively =) gp1 < ngi < (respectively =) 0. (3.22)
i=0
Define g, = — Z;:Ol 7i9i/Tn and §; = gilji<p] + Gnljizn). Then, from (3.20)-
(3.22), it follows that
Z TiG; + Tngn = 0, (3.23)
i<n—1

In 2= Gn = [Tn-1bn—1(gn — gn—1)]/(M17n) = [an(gn — gn—1)]/A1 > 0. (3.24)
Define g; = gil{i<ny + gnl{i>n)- Then we have

ngf: Z 7Ti912+912LZ7Ti7
i

i<n—1 izn
ngi = Z TiGi + gn Zm— =gn Zm— —7ngn  (by (3.23)).
[ i<n—1 izn izn
Hence
2 2
St (Lra) =5 w2 S (o0 Xmomin) - (625
i i i<n—1 i>n i>n

Next,

- Z T (gQg) (Z) =\ Z 7Ti9i2 + 7r?“Langn(gn - gnfl)

% i<n—1

=M Y migl + MTngndn  (by (3.24)). (3.26)

i<n—1
We now prove that

2
TnGnin < go O _ i — (gn > omi— Wnén) : (3.27)

izn izn
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By (3.24), gn > 0. Thus, (3.27) is equivalent to
g 2
an—n < Zm - (Zm — ann/gn> .
T i>n i>n
That is,
2
Zﬂ‘i—ﬂ‘ng—n <Z7Ti—ﬂ’ng—n.
i>n gn i>n In
This clearly holds, since 0 < g, < gn,
0< Zﬁi *ann/gn = Z T +7Tn(1 *gn/gn) <1
iZ>n izn+1
We have thus proved (3.27). Collecting (3.25)—(3.27), it follows that
-3, mi(999) (0)
- 2
i migi — (30 migi)
A1 Zignfl 7Tigi2 + )\17Tngn§n

= 5 9 N < >\13
Zign—l Ti9; t 9n Zi;n T — (gn Zi)n T — ann)

A1 <

which is a contradiction. O

Proposition 3.5. Let \; > 0 and let g be the function given by Proposition
3.4. Then g € L'(7) and 7(g) = 0.

Proof. By Proposition 3.4, we can define a positive sequence u; = g;4+1 — ¢,
i > 0. From the eigenequation g = —\1g, it follows that

biui — Q;Uj—1 — 7)\191' (ao = 0), 1 2 0. (328)

Replacing 7 with i + 1, we obtain another equation. Taking the difference of
these two equations, we get

RZ(U) = (a¢+1ui — b¢+1ui+1 — a;U;—1 + blul)/ul =\ > 0, 1> 0.

By Propositions 3.3 and 3.4, if g; < 0 for all 4, then p,b,u, is increasing.
Otherwise, if there is some g;, > 0, then g; > 0 for all i > iy and hence
Hnbnuy, is strictly decreasing for large m. Therefore, there is a limit ¢ :=
limy, o0 thnbru, = 0. Set u_1 = 0. Define

w; = ajui—1 — biu; +¢/(Z — py) = Mgi +¢/(Z — 1) (by (3.28)).

Then
(w¢+1 — wz)/uz = Rz(u) =X > 0, 1> 0. (329)
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It follows that w; is strictly increasing. On the other hand, we have

Yo wiwi= Y [ujagui—1 — pibjug + e /(Z — py)]

jzit+l jzit+l
= 3 ujo1bjauj1 — pibjuy + cpi/(Z — )]
j>it1
= Z [j-1bj-1uj-1 = pibyus] + — o Z M (3.30)
jzit+1 jzit+l
= bipiui — Z Z Hj
Fo j=i+1
= biptiui — —— Z g < by, 12> 0.
Fo 1<5<i

In particular, 37, pjw; = poboug € (0,00) and so w € L(n).
Next, because wy = —boug + ¢/(Z — 1), we see that

Z,ijj —w0+ZNJwJ =c/(Z — o) 2

=1

This fact plus w; 171 implies that Zy>z+1 pijw; > 0 for all ¢ > 0, as proved in
part (a) of the analytic proof of (3.3) (given in Section 3.2).
Collecting the above facts, we obtain

( ) = bipti(wiy1 — w; / Z i w;

j=i+1
c
= bi,UiRi(U)ui/ |:biﬂiui -7 Z ,Ufj:|
0 1¢j<i (3.31)
-1
c

A i B

(Z — p1g)bipriw 1;@ /
>\, Q=0

Thus, inf;>0 I;(w) ™! > A\;. Combining this with (3.3), we get inf;>o I;(w) ™! =
AL

Finally, we claim that ¢ = 0 and so w(g) = 0 by the definition of w and
(3.30). Otherwise, ¢>0. Because lim, oo finbpt, =c and lim, o Zlgjgn 1
= Z — o, we would have lim; ., I;(w)~! = oo by (3.31). Then, there would
exist a k such that inf;>o I;(w) ™! = min;<j I;(w)™1 > A\; by (3.31). This is a
contradiction. [

Having these preparations at hand, the proof of Theorem 3.2 is quite easy.

Proof of Theorem 3.2. Since inf;> I;(w)~! > 0, by (3.3), the equalities of
(3.19) become trivial when A; = 0.
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We now assume that A; >0. By (3.3), we have A\ > sup, > infi>o Ii(w) "

Combining this with Proposition 3.5 and its proof (by setting w = A\1g), we
see that the sign of the last equality holds:

A1 = sup mfI( )~
wew 20

One can replace the right-hand side by sup,,c inf;>o I; (@) !, since I;(w) is
invariant under the transform w; — aw; + (8 for all « > 0. [

3.8 The first Dirichlet eigenvalue

We now turn to study the first Dirichlet eigenvalue. This is a more traditional
topic than the Neumann one, as explained in Section 3.6, and will be studied
subsequently. Here we consider Markov chains only. The results given in this
section are quite similar to those of the last section.

Fix a point, say 0 € E. Then the first Dirichlet eigenvalue is defined by

Ao = inf{D(f): £(0) = 0 and 7(f?) = 1}.

For each i € E, choose a path 7; from 0 to 7 (without a loop). Again, choose
a positive weight function {w(e)} on the edges and define |v;|w = > .. w(e),

Iw)e) = ——— 3 lums.

a(e)w(e) i#0: v;de

Theorem 3.6. We have \g > sup,, inf. I(w)(e)™!.

Proof. )
1= "mf? = m(fi—fo)* =) _m <Z f(6)>
i#£0 7,';60 i#0 €€
<D omy f =" ale)f(e)*I(w)(e)
i#0 ecy; e
< D(f) supf<w><e>. O
We now consider birth-death processes. Let EE = {0, 1 ..,N}, N <o

Qiit1 =b0; >0 (0<i<N—1),qi1=a;>0(1 z<N) and ¢;; = 0 for
other i # j. Define

,u‘0:17 aniy 1<TL<N,

N
Z:Z:U"fu 7771,:M7L/Z7 W:{’LUZ’LUO:O,IUZ‘ TT}a
n=0
Ii(w) = Z pijwj, 0<i<N—1, wew.
wz

bz,u/z w7,+1 j=it1
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For general by > 0, define

- . by bp_
i =1, un:ﬁ, 2<n <N,
n
Li(w) = w;, 0<i<<N-—1, weW,
Z( ) az+1#z+1(wz+1*wz Z ,u] / ST
Jj=i+1
fnm/ > B, 1<i<N,
1N
D(fy="Y_ #bi(firr— £)* + 7 fi.
1SN -1

Even though part (1) below is a particular case of part (2), it is kept for
convenience in applications.

Theorem 3.7. (1) If by > 0, then we have

A= s £ I(w)" L
0 wgﬁ} 0<11£N 1 i(w)

(2) For general by > 0, the conclusion in part (1) remains true if we redefine
Mo =inf {D(f): fo=0,7(f?) =1}.

Proof. Until the last step of the proof, assume that by > 0.
(a) Again, let e; be the edge (i,i + 1). For each ¢ > 1, there is a path ~;

consisting of eg, eq,...,e;—1. Take w(e;) = w;41 — w;. Then
N N
g Ykl = E (w, — wy)mR = E TREW} .
k:vkde; k=i+1 k=i+1

”

Now the inequality “A\g > ---” in part (1) follows from Theorem 3.6.

(b) The remainder of the proof is similar to the proof of Theorem 3.2 given
in Section 3.7. However, we still present the details here for completeness. Let
Ao > 0 and g #Z 0 with go = 0 be a solution to the equation Qg (i) = —Xogi, 1 <
t < N. Here, we adopt the convention that a;, = 0 and by = 0. The key to
prove the equality in part (1) is to show the strict monotonicity of (g;). Once
this is done, without less of generality, assume that g; T7. Then we have

Ii(g) = Z 1ig; = (3.32)

aerleJrl(gH»l - gz j=it1

for all 0 < ¢ < N — 1, and hence the required assertion follows.
(c) To see that (3.32) holds, first, we show that

n

-0 ngi = Tp+10n+1(gn+1 — gn) — T 0101, 1<n<N. (3.33)
i=1
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Here we use the convention ay, = 0, provided N < oo. The proof is easy

—Xo Z?Tigz = Zmﬂg Z [miai(gi1 —
i=1

i) + mibi(giv1 — 9i)]
=1

[
. "
=1

I

[ = miai(gi — gi—1) + mit10iy1(git1 — )]
1

= 7Tn+1an+1(gn+1 - gn)

7

— T a191-
Let u; = git1

gi, 0 <7 < N —1. Even though it is not necessary, for
specificity we set uy = 1 when N < oo. By the eigenequation, we have

biu;

— aiUi—1 = —AoGi, 1<i<N.
Then
Rl(u) = (aH_lm —bip1uiy1 —a;ui—1 + biui)/ui =X >0 1<t <N -1
By (3.33) and the assumption g; 17, go = 0, it follows that
0< Mn+10n+1Un =

paigr — o Y pigi < parg,  1<n<N-1.
=1

Thus, py410n+1uy is decreasing in n and

0<c:= lim fpit10n4+1Un < 10191
n—N
Note that ¢ = 0 when N < oco. Next, let

Wi = QjUi—1 —

biui +¢/(Z — o) = ogi +¢/(Z — pg) > 0, 1
Then

N
N
2

(wi+1—w¢)/U¢=Ri(u):)\o>O, 1<i1<N-—-1.
This implies that w; TT. Therefore

N N
> njwy =

> (mjaguj = pibjuy)
j=it1

j=it1 Z = j=it1
N

= > (mjagujo1 — pjraajeaus) +
j=it1

j i+1
= Mi+1Gi41U5 —

Z MOZMJ

J=i1+1

Z Ho Zuj’

1<5<i

= Mi+1Gi41U; —

0<t<N-1.
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Define additionally w, = 0. Since w; > 0, it is clear that w € #’. We have

Ii(w)_ —Nz-&-laz-&-l(wz-&-l_wl/ Z HjWs

Jj=i+1

c
= Hi+1ai+1Ri(U)ui/ |:,Ui+1ai+lui - Z ,Ug}
C 71 <J=
N )
(Z - Mo) i i i Z !

a u
Hi+10541U; 1<5<i

>N, 1<i<N-1,
Ip(w)™" = ,ulalwl/Zu]w] = pqaq ()\ouo + 7= >/a1u1u0
— ot — >
(Z— No)uo

Collecting these two estimates, we get

sup inf L(w)"'>  inf  L(w)"' = Ao
Gew 0<iSN—1 0<i<N-1
Combining this with proof (a), we know that infoc;<n—1 I;(w) ™t = A\g. When
N < 0o, we have ¢ = 0 and so w; = \gg;. Hence (3.32) holds. We now show
that when N = oo, we still have ¢ = 0 and so (3.32) also holds. Otherwise,
since p;+1ait1u; is decreasing in i, we have inf;>; I;(w) ™ = I (w)~!. From
this, we must have a contradiction with inf;>o I;(w)™! = g, provided ¢ > 0.
We have thus completed the proof of (3.32) under the assumption that
gi 17
(d) We now prove the strict monotonicity of the eigenfunction (g;) of Xo.
By (3.33), we have g1 # 0. Otherwise, by induction, we would have ¢g; = 0
for all ¢ > 1. Thus, we may assume that g; > 0. Suppose that there is an n
with 1 <n < N — 1 such that

0:.90 <g1 << Ggn- <gn>gn+1-
Define g; = gil[i<p] + gnl[izn)- Then we have

N omgi= > mg+g. Zm,
7

i<n—1

- Zﬂ'l(ggg)(l) = Ao Z 771'912 + 7Tnangn(gn - gnfl)-

i<n—1

Note that

Aogn = —Qg(n) = bn(gn — gn+1) + an(gn - gn—l) > an(gn - gn—l)'



66 3 New Variational Formulas for the First Eigenvalue

We have
N
Tnngn(gn — gn-1) < Nomngn < Aogp Y Ti.
i=n
Therefore
N < i@ _ A0 Dicn—1Tig; + Tnangn(gn — Gn—1) <
X b

Zi 771'?? Zignfl 7Tigi2 + 9721 sz\;n Ur

which is a contradiction.

(e) As for the second assertion of the theorem, simply note that in the
above proofs (a)—(d), we make no use of m, (recall that go = 0) and bo.
Moreover, the original I;(w) is homogeneous in (u;). Actually, when by > 0,

)\O f0:13f7£0 Z Wzbz(fz-‘rl fz) / Z 7'[‘le

0<i<N-—1 0<i<N
= inf bi(Fir1 — )2 2 f2
)1”17160 mibi(fix1 — fi)° + manfi i f
1IN

LICi<N—1 -

= inf Z pibi(fixr — fi)? + pyar fi / Z i f?

0
I# LI<i<N -1 471N

= inf Z ﬂibi(fi-i-l — fi)2 +/11a1f12 / Z /:Llfz2

0
I# L1<i<N -1 1<i<N

Thus, we are studying the process with Dirichlet form 5( f) on the state space
{1,2,..., N} and with killing rate a;. No role is played by by. O



Chapter 4

Generalized Cheeger’s
Method

From the previous chapters, we have seen an application of a probabilistic
method to a problem in Riemannian geometry. This chapter goes in the
opposite direction. We use Cheeger’s method, which comes from Riemannian
geometry, to study some probabilistic problems. We begin with a review of
Cheeger’s method in geometry (Section 4.1). We then move to a generalization
(Section 4.2) and present our new results (Section 4.3). In particular, we
examine Cheeger’s splitting technique and prove an existence criterion for the
spectral gap (Section 4.4). In Sections 4.5-4.8, we sketch the proofs of the
main theorems. Applications to birth—death processes are collected in the last
section (Section 4.9).

4.1 Cheeger’s method

Let us recall Cheeger’s inequality in geometry.

Again, let M be a connected compact Riemannian manifold. We consider
the first nontrivial eigenvalue \; of the Laplacian A. We will also study the
first Dirichlet eigenvalue, denoted by \y. Here is the geometric result.

Theorem 4.1 (Cheeger’s inequality, 1970). We have
1
k=M= k%

where Cheeger’s constant k is defined by

) Area(S)
inf )
OM|=S=8M3 VOI(Ml) A VOI(MQ)

M1USUMo=M

k=

where S varies over all hypersurfaces dividing M into two parts having the same
boundary S.
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As usual, Vol(M) and Area(S) denote the Riemannian volume of M and
the area of S, respectively.
The key ideas in establishing this inequality are the following;:

o Splitting technique. A1 > infp[Ao(B) V A\g(B€)]. That is, we split the
space into two parts B and B¢, and then estimate the first eigenvalue A\
in terms of A\g(B) and A\o(B€), where \o(B) is the first (local) Dirichlet
eigenvalue, to be defined later.

e Estimate A\o(B) in terms of another Cheeger’s constant

Area(0My)
h = inf _—
MycM, oM naM=0 Vol(M7)
where M varies over all subdomains of M.
The last constant is closely related to the isoperimetric inequality:

Area(0A) < Area(S?71)
Vol(A)(d=1)/d =~ Vol(Bd)(d-1)/d’

where B¢ and S?~! denote the unit ball and unit sphere in R?, respectively.
It is standard that Area(S?!) = 27%/2/T'(d/2) and Vol(B?) = Area(S?~1)/d.
The ratio on the right-hand side is called the isoperimetric constant. It was
observed first by J. Cheeger (1970) that the proof of the classical isoperimetric
inequality can be also used to study the first eigenvalue A\;. Certainly, one
can replace Lebesgue measure with others. The isoperimetric inequality with
respect to Gaussian measure was studied by P. Lévy (1919) [see Lévy (1951,
Chapter IV)] and extended by M. Gromov (1980; 1999), S.G. Bobkov (1996;
1997), S.G. Bobkov and F. Gotze (1999a), D. Bakry and M. Ledoux (1996)
even in the infinite-dimensional setting. A broad account of the results rela-
ting to this type of inequality in Euclidean space or on manifolds was presented
in I. Chavel (2001). Mainly, these publications concern differential operators.
However, in this chapter, we are going in another direction, that of studying
integral operators.

4.2 A generalization

Let (E,&,m) be a probability space satisfying {(z,z) : © € E} € & x &.
Denote by LP(7) the usual real LP-space with norm ||-||,. Write ||-|| = ||-||2 for
simplicity. In this chapter, we consider mainly a symmetric form (D, 2(D))
(not necessarily a Dirichlet form) on L?(r):

1

D=5 [ T - f@P,

(D) ={f € L*(m) : D(f) < o0},

(4.1)
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where J > 0 is a symmetric measure, having no charge on the diagonal set
{(z,2) : x € E}. A typical example is as follows. For a ¢-pair (¢(z), ¢(x, dy)),
reversible with respect to = (i.e., m(dz)q(z,dy) = n(dy)q(y,dx)), we simply
take

J(dz,dy) = w(dx)q(x,dy).

More especially, for a Q-matrix @ = (g;;), reversible with respect to (m; > 0)

(i-e., mqi; = m;qj; for all ¢, 7), we take J;; = m;qi; (j # ¢) as the density of the

symmetric measure J(dx, dy) with respect to the counting measure.
Naturally, define

M= if{(D(f) 7 (f) =0, [fl =1}, w(f) = / fdr.

We call A\ the spectral gap of (D, 2(D)).

For bounded jump processes, the fundamental known result is due to G.F.
Lawler and A.D. Sokal (1988), stated in Theorem 1.6. As mentioned in Section
1.3, the last result has a very wide range of applications and has been col-
lected in several books. The main shortcoming is the restriction on bounded
operators.

On the other hand, for differential operators, there are many publications
on the logarithmic Sobolev inequality (1.26). Refer to D. Bakry and M.
Emery (1985), D. Bakry (1992), L. Gross (1993), S. Aida and I. Shigekawa
(1994), F.Y. Wang (1997), M. Ledoux (1999; 2000), A. Guionnet and B.
Zegarlinski (2003), and references within. However, the known results for
integral operators are still rather limited. Here is a general result for Markov
chains.

Theorem 4.2 (P. Diaconis and L. Saloff-Coste, 1996). Let the Q-matrix Q =
(gi;j) be reversible with respect to (m; > 0) and satisfy 3 |gi;| = 1. Define
J

Ent(f):Zﬂifilogfi—meilogzﬁifu =0,

and D(f) = %Z” 7:qi; (f; — fi)?. Then the optimal constant o in the logarith-
mic Sobolev inequality

Ent (f%) < =D(f)

satisfies
2(1 — 2m) A\

72 Yog[l/m — 1]’

Ty 1= MIN ;.
K2

This result is very good, since it can be sharp. Clearly, it works only for
a finite state space.

For the Nash inequality (1.27), our knowledge is more or less at the same
level.



70 4 Generalized Cheeger’s Method

4.3 New results

To avoid unboundedness, our goal is to use a renormalizing procedure. Choose
a nonnegative symmetric function r such that

JY Az, E)/r(dz) <1,  7-ae., (4.2)

where

o J(dz, dy)
J( )(dl‘,dy) = I{T(:c,y)o‘>0} T’(

2 ae0,1], JO = J.
T, y)"

Then, corresponding to each inequality, define a new Cheeger’s constant, as
listed in Table 1.3. Finally, one of our main results can be stated as follows
(Theorem 1.7).

Theorem 4.3. If £(1/2) > 0, then the corresponding inequality holds.

Even though the result is very simple to state, its proof is completed in
four papers: Chen and F.Y. Wang (1998), Chen (1999b; 2000b), and F.Y.
Wang (2001). Of course, many more results were proved in these papers. For
instance, here is a lower estimate of A;.

Theorem 4.4.
E(1/2)?

1>
1+V1—kW?

Surprisingly, this estimate can be sharp, which is rather unusual in using
Cheeger’s approach.

The proof of Theorem 4.4 is delayed to Section 4.5. In parallel, the lower
estimates for the logarithmic Sobolev and the Nash inequalities are presented
in Sections 4.6 and 4.8, respectively. Some upper estimates are given in Section
4.7.

The main advantage of Cheeger’s approach is that it works in a very
general setting. Here is an example.

A (4.3)

Corollary 4.5. Let (E,&,w) be a probability space and let j(x,y) > 0 be a
symmetric function satisfying j(x,z) = 0 and

J(z) = /Ej(fr,y)w(dy) < 00, z€F.

Then, for the symmetric form generated by J(dz,dy) = j(z,y)r(dz)r(dy), we
have
j(@y)®

A > 2 oinf L&Y
P78 aty () Viy)
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Proof. Note that

@ = in L @y .
k W(A)e(£,1/2] m(A) /AxAC [i(z) Vi(y)e (dz)m(dy)
mf @Y e e
> B TR Vi ™)
L in (7)
S ATOEOR

The conclusion now follows immediately from (4.3). O

The generalized Cheeger’s approach and the isoperimetric method have
also been applied to the LP-setup for jump processes by F. Wang and Y.H.
Zhang (2003), Y.H. Mao (2001a; 2001b), to diffusions by F.Y. Wang (2000a;
2004b), and to the weaker Poincaré inequalities (which will be discussed in
Chapter 7) by M. Réckner and F.Y. Wang (2001).

4.4 Splitting technique and existence criterion

Recall the definitions

M =inf{D(f): f € 2(D),n(f) = 0,7(f*) = 1},
Mo(A) = mf{D(f) : f € 2(D), flac = 0,7(f*) =1}.
As mentioned in the last section, the reduction of the Neumann case to the

Dirichlet one is based on Cheeger’s splitting technique. Here is the result
proved by G.F. Lawler and A.D. Sokal (1988) for bounded operators:

A > f{Ao(B) V Ao(B)}-

However, we are unable to extend this result to unbounded symmetric forms.
Instead, a weaker version is as follows:

)\1 2 inf )\0 (B) .

w(B)€e(0,1/2]
More precisely, we have the following result.

Theorem 4.6 (Chen and F.Y. Wang (1998), Chen (2000c)).  For the sym-
metric form (4.1) or general Dirichlet form (D, Z(D)), we have

| e elA) e(4®)
FoA(A) <A < inf 7
1/ oA S X w(Al)rel(m)mm{ﬂ(AC) m(A)

<2 inf Ao(A). 44
W(A)len(o,uz] o(4) (44)
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Proof. (a) Let f € 2(D) be such that f|ac = 0 and 7(f?) = 1. Then

7(f2) —n(f)? =1—n(fIs)* > 1 - 7(f2)n(A)
=1-7(A) = W(AC).

Hence D D
e D) _ D)
( 2)=w(f)? " w(A°)
which implies that A\; < ( ) Furthermore,
- . [ Ao(A4) Ao(4°)
< f )
M w(A%Ié(o,l)mm{ﬂ(Ac) m(A)
. [ Ao(A) Ao(A°)
= f
w(A)IGI%O,1/2] mm{ﬂ A¢)" w(A)

VA

inf Ao(A A
W(A)IGI%O,1/2] O( )/Tf( )

m(A)€(0,1/2]

This part of the proof works for general D(f).

(b) Next, for e > 0, choose f. such that m(f.) = 0, 7(f?) = 1, and
A1 +¢e = D(f:). Choose ¢, such that 7(f. < c.) <1/2 and 7(f: > c.) < 1/2.
Set f* = (f. —c.)*, and define BX = {fF > 0}. Recall that

D) = 5 [ . an)if) - f)

We have
M te>D(f) = D(f. - c.)
/J(dx,dymf;(y) — @]+ ) - @)

Therefore,

w(B)e(O,l/Z]

=(1+¢ inf  A\o(B
( +CE)W(B)IEI%O,1/2] o(B)

2 inf )\0 (B)

7(B)€(0,1/2]

Because ¢ is arbitrary, the proof is done for the symmetric form (4.1).



4.4 Splitting technique and existence criterion 73

(c) Finally, for the general Dirichlet form, since

D)=tz [ soP@alie) - f@F @)

the proof needs a little modification only. [

Theorem 4.6 presents a traditional way of studying A1, that is, estimating
A1 in terms of the Dirichlet eigenvalue A\g. The latter one is usually easier to
handle. As an illustration, here we consider jump processes. Let (g(x), q(z, -))
be a totally stable g-pair, ¢(z, F) < ¢(z) < oo for all x € E, and symmetriz-
able with respect to a measure u:

/q(LB),u(dx) :/ q(z, A)p(dz), A Beé&.
A B

Equivalently, the corresponding operator 2,
2/(x) = [ alo.dy)lf) - £@)] - r(a) o)
E

where r(x) = q(x) — q(z, E) for x € E, is symmetric in L?(u). Set E,, = {z €
E : q(x) < n}. Define

D) =5 [ noaednlfo) ~ F@F + [ udor(@se)?

and || f]|3, = D(f) + [If][*. Next, set
Dy = {f € L*(i) : f vanishes out of some F,,}

and let 2(D) be the completion of 7, with respect to ||-|| p. Roughly speaking,
the form (D, 2(D)) corresponds to the minimal jump process. Define

Ao =inf{D(f): f € 2(D),|If| =1}
Then we have the following variational formula for the lower bound of Ag.

Theorem 4.7 (Chen, 2000d). \o > supg ez p-essinf (—€g)/g.

Applications to the Neumann eigenvalue

We need the following result. Let F be a locally compact separable metric
space with Borel g-algebra &, u an everywhere dense Radon measure on E,
and (D, (D)) a Dirichlet form on L?(u) = L?(E; ).

The next result is due to V.G. Maz’ya (1973) (cf. Maz’ya (1985) and
references within) in a particular case, where the use of capacity was begun.
The general case is due to Z. Vondracek (1996). Its proof was simplified by
M. Fukushima and T. Uemura (2003).
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Theorem 4.8. For a regular transient Dirichlet form on A € &,
(40(4))7F < Mo(4) < O(A) 7,
where ©(4) = SUDqompner x4 7(K)/Cap(K),
Cap(K) = inf {D(f) : f € 2(D) N Co(E), flx > 1},
and Cy(FE) is the set of continuous functions with compact support.

Combining the above two results, we obtain the following one.

Theorem 4.9. Let pu(F) < oo. Then for a regular irreducible Dirichlet form,
we have

inf (40(A)) P <2 inf o)L
open A: m(A)€(0,1/2] open A: (A)€(0,1/2]
In particular,
A >0 iff sup O(4) < .

open A: (A)€(0,1/2]

We will return to this capacitary method in Chapter 7.

We now study the existence criterion in a different way. For compact state
spaces (E, &), it is often true that A; > 0. Thus, we need only consider the
noncompact case. The idea is to use Cheeger’s splitting technique. Split the
space E into two parts A and A°. Mainly, there are two boundary conditions:
the Dirichlet and the Neumann boundary conditions, which are absorbing and
reflecting at the boundary, respectively. See Figure 4.1. The corresponding
eigenvalue problems are denoted by (D) and (N), respectively.

(N) E

(D) (D): Dirichlet boundary
AC

(N): Neumann boundary

Figure 4.1 Four choices of boundary condition

Next, let A be compact for a moment. Then on A°, one should consider
the problem (D). Otherwise, since A¢ is noncompact, the solution to problem
(N) is unknown, and it is indeed what we are also interested in. On A, we
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can use either of the boundary conditions. However, it is better to use the
Neumann one, since the corresponding A; is closer to the original A\; when A
becomes larger. In other words, we want to describe the original A; in terms
of the local Aj(A) and A\g(A°).

We now state our criterion informally, which is easier to remember.
Criterion (Informal description [Chen and F.Y. Wang, 1998]). X\ > 0
iff there exists a compact A such that \g(A°) > 0, where

Xo(A€) =inf{D(f, f): fla=0,7(f*) =1}.

To state the precise result, define

M(B) = inf {Dp(f) : n(f) = 0,7(f?)/n(B) = 1},

where
1

Do(f) =3 [ Iadn(s) - Fle)

Theorem 4.10 (Criterion [Chen and F.Y. Wang, 1998]). Let A C B satisfy
0<m(A), 7(B) < 1. Then
M(A%) o AB)[Po(AY)7(B) — 2Man(B°)]
m(A) 77 20(B) + m(B)2[Mo(A°) + 2M 4]’
where M4 = esssup, ,J(dz, A°)/m(dx), esssup, , denoting the essential sup-
remum over the set A with respect to the measure .

(4.6)

As mentioned before, usually A;(B) > 0 for all compact B. Hence the
result means, as stated in the heuristic description, that A; > 0 iff Ag(A°) > 0
for some compact A, because we can first fix such an A and then make B large
enough so that the right-hand side of (4.6) becomes positive. The reason we
have to use two sets A and B rather than a single A is that the operator is
not local, and there may exist an interaction with a very long range. The
final choice of regions and the boundary conditions are shown in Figure 4.2.

E

)

BC

Figure 4.2 Nonlocal, need intersection
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Proof of Theorem 4.10. Let f satisfy 7(f) = 0 and 7(f?) = 1. Our aim is
to bound D(f) in terms of \g(A°) and A (B).
(a) First, we use A1 (B):

D(f) = Dp(fIg) = M (B)n(B) ' [r(f*I5) — W(B)flﬂ(fIB)Q]
=M(B)(B) ' [r(f*Is) — F(B)ilﬂ(fIBc)ﬁ. (4.7)

Here in the last step, we have used 7(f) = 0.
(b) Next, we use A\g(A¢). We need the following elementary inequality:

|(fLac)(x) = (fLae) ()| <|f (@) = f (W) |+ Laxacuaexa(@, y)|(fLa)(x) = (fLa)(y)]-
Then

2

Xo(A)m(f*1ae) < D(flae) = %/J(dx,dy)[(ﬂm)(y) = (f1ac)(z)]
<mxn+2/' J(dz, dy) [(F1a)(v) — (FLa) ()]

AxAe
< 2D(f) +2Mam(f*14). (4.8)

(c) Estimating the right-hand sides of (4.7) and (4.8) in terms of v :=
m(f?Ip), we obtain two inequalities D(f) > ¢;7 + ¢, and D(f) = —c37 + ¢4
for some constants c¢;, c; > 0. Hence

D(f) > inf maxfery + ey —eyy + e}
~v€[0,1]

Clearly, the infimum is achieved at ~,, which is the intersection of the two
lines I'; and I'y in {---}. See Figure 4.3. Then the required lower bound of
A1 is given by ¢;vy + ¢o. O

0 o 1
Figure 4.3 Intersection of I'; and I',
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4.5 Proof of Theorem 4.4

The proof of Theorem 4.4 is based on Cheeger’s splitting idea, that is, to
estimate Aj in terms of )y for a more general symmetric form

1

D=3 [ Jaeanli) - f@F + [ Kanfa? @)

where K is a nonnegative measure on (E, &). Studying \g is meaningful, since
D(1) # 0 whenever K # 0. It is called the Dirichlet eigenvalue of (D, 2(D)).
Thus, in what follows, when dealing with Ay (respectively, A1), we consider
only the symmetric form given by (4.9) (respectively, (4.1)). Instead of (4.2),
we now require that

[ (dz, E) + KV (dx)]/x(dz) < 1, -a.8, (4.10)

where J(® is the same as before and

K(dz
K®(dx) = f{s(ax)<~>0}M

s(x)”

for some nonnegative function s(z). Corresponding to (J(®), K(®)), we have
a symmetric form D(®), defined by (4.9). Next, define

N J@ (A x A°) + K(@)(A)
7(A)>0 m(A)

Theorem 4.11 (Chen and F.Y. Wang, 1998). For the symmetric form given
by (4.9), under (4.10), we have

p(1/2)2

o
WV

14+ V1 -7
Proof. (a) First, we express h(®) by the following functional form

e —int {3 [ 7@l 0) - S+ K0 12 0.5() = 1),
By setting f = I4/m(A), one returns to the original set form of (*). For the

reverse assertion, simply consider the set A, = {f > v} for v > 0. The proof
is also not difficult:

/ 7@ (e, dy)[f () — F@)] + K@ ()
{f(x)>f(y)}

— [T s @ > 2 = sy + KO (1> )}

(coarea formula)
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= /O [T (A, x AS) + K*)(A,)]dy

> h("‘)/ m(Ay)dy = K 7(f).
0

The appearance of K makes the notation heavier. To avoid this, one can
enlarge the state space to E* = E U {oco}. At the same time, extend f to
a function f* on E*: f* = fIp. Regarding K as a killing measure on E*,
the form D(f,g) can be extended to the product space E* x E* but can be
expressed by a symmetric measure J* only:

J@)(0), Ce&x&,
J*(a)(c): K@ (A), C=Ax{o0c}or{oco} x A, Acé&,
0, C = {oo} x {oo}.

Then, we have J*(®) (dz, dy) = J*(®)(dy, dz) and

/ @) (de, B) f(2)? + K@(f2) = / T4 (dz, B*) f*(x)?,

5

DO =5 [ T () - @)

3 [T e )= F @)+ [ KO

1

_ *(a) * — f*
*z/EW‘] (da, dy)| £* () — F*(2)],

pe —int {5 [ e @nanlr@ - ol 100 =1},
E*xXE*

(b) Take f with 7(f?) = 1, by (a), the Cauchy-Schwarz inequality, and
condition (4.10), we have

1

2
h(1)2 g {_ J*(l) d 7d * 2 px 2 }
2/E*><E* (dz, dy)| f*(y)* = f*(2)?]

< %D‘”(f) [EE T (dz, dy) [f*(v) + £* ()]

_ §D<1><f>{2 [ (w2 + e

[ a6 - )
ExxE*
< DO(p)[2- DD (). (.10

Solving this quadratic inequality in D™ (f), one obtains

DO(f) = 1—1/1-n®?
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(c) Repeating the above proof but by a more careful use of the Cauchy—
Schwarz inequality, we obtain

h/2? < {1 / T2 (da, dy)
2 E*xE*

- )

1 . . \ 1f*(y) + £ (@)
(5Ll ) - £ @) s T
<ipi / T (de, dy) [ (9) + 1 ()]

Ex*x E*
<D(f)[2—DWV(f)].

From this and (b), the required assertion follows. [

Proof of Theorem 4.4. (a) For any B C E with n(B) > 0, define a local
form as follows:

DY =5 [ IOl - 1P + [ I B )

B
Obviously, Eg)(f) = ZNDJ(B'X)(fIB). Moreover,

No(B) = inf(D(f) :

pe =0, [|f| =1} = inf {Dp(f) : n(f*Ip) =1}
Let 78 = 7(- N B)/n(B) and set

o JO(Ax(B\ A)+J(AxB) J(@(Ax A°)

h(a) — =
ACB,7(A)>0 m(A) ACB}I;(A)>O 7(A)

B

Applying Theorem 4.11 to the local form on L?*(B,& N B,7?) generated by
JB =7n(B)"'J|pxp and KB = J(-, B®)|p, we obtain

2
B2
—s
1+4/1-nY

(b) Noting that inf . gy<1/2 hg‘) = k(@) by Theorem 4.6, we get

Xo(B) >

1/2)2 : (1/2)?
L. GANNEGW  UEV L
n(B)<1/2 144/1— hg)Q m(B)<1/2 144/1— hg)2
2
infr(m)<1/2 " k2

> - .
3 a2
1+ \/1 —infrpycrphly  1H VIS kO

We obtain the required conclusion. (I
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4.6 Logarithmic Sobolev inequality

Theorem 4.12 (Chen, 2000b). Denote by o the optimal constant in the log-
arithmic Sobolev inequality:

2
Ent(fQ) < ;D(f)
We have
%S0 20 (1/2) - 15(1/2)27
V@ - AWy 43kt 8
where

(e) c
W@ = 0AXA) o)

m(A)e(0,1) —m(A)logm(A)’
and [ = inf{ D (f): (f) =0, [|f] =1}
Proof. The proof is partially due to F.Y. Wang. To get the upper bound,

simply apply the inequality to the test function f = I4/+/7(A), m(A) € (0,1).
To prove the lower bound, let 7(f) =0 and || f]| = 1.

(a) Set e =4/2 — )\gl)/[Qﬁ(l/Q)] and E(f) =m(f*log f?). We claim that

2e\/D(f) + 1. (4.12)
Actually, one shows first that
Iim g [0 @nay)| w2 - P <\ - A))DE. @13)

The proof is standard, as used before (cf. the proof (c¢) of Theorem 4.11).
Next, set Ay = {f2 > t} and prove that

I>sY2DEf) -1]. (4.14)
The proof goes as follows. Note that h; := 7(A4;) < 1At~ We have

(oo} (oo}
I= / J2 (4, x AD)dt > 1/ / (—hylog hy)dt
0 0

> k(1/2) / hylogtdt = k(1/?) / hi(logt + 1)dt — (/2
0

=x1/2) /dﬂ'/ (logt 4 1)dt — x(1/?
1/2 ) _ 1]
Combining (4.13) with (4.14), we get (4.12).
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(b) By (4.12), on the one hand, we have

2e\/D(f) +1 < veD(f) +e/v+1,

where v > 0 is a constant to be specified below. On the other hand, by [Bakry
(1992); Theorem 3.6 and Proposition 3.9], the inequality

m(f*log f?) < CiD(f) +Coy  w(f)=0, |fll=1, (4.15)
implies that
> 2/[C1 + (Ca + 2)A7Y. (4.16)

In other words, if A; > 0, then the weaker inequality (4.15) is indeed equivalent
to the original logarithmic Sobolev inequality. We will prove this fact soon.
Combining these facts, it follows that

2
o= .
ey+le/v+3]/ M

Maximizing the right-hand side with respect to v, we get

o\, (1/2)
o> 10 . (4.17)

(2 = A\ 4 3601/2)

Next, applying Theorem 4.4 to J), we have k(1/2) = k(1) and hence /\51)

1—V1—kM? Combining this with Theorem 4.4 and noting that k(1/?
(log 2)x(1/2) it follows that the right-hand side of (4.17) is bounded below by

>
>

2
2(log 2)2k(1/2) S 1oam?

(log2 4 3)[1 4 V1 — k( }

We now introduce a more powerful result; its proof is quite technical and
is omitted here.

O

Theorem 4.13 (Chen, 2000b). Define

0 I A + o)
C w(A)>0  7(A)\/1— logm(A)
(2+6) (A +0)

A(6) = 5> 0.

Then we have
21

14 16infs~0 A(0)"

26 =20 >
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Proof of (4.16). Let f = f — n(f). Then the assertion follows by Lemma
4.14 below, (4.15), and the Poincaré inequality:

Ent(f?) < Ent(f?)+2||f||* < C1D(f)+(2+C2) Hf”—[Cl—&—z—;Cz}D(f). O

The following result was proved by J.D. Deuschel and D.W. Stroock (1989,
page 247), and goes back to O.S. Rothaus (1985, Lemma 9).
Lemma 4.14. We have

supEnt((f+c)2) <Ent(f2)+2ﬂ'(f2), 7(f) = 0.

ceR

Proof. Obviously, the assertion is equivalent to
supBut((f +¢)%) < But((f = w(/))%) +2n((f = 7(/))).
ce

Without loss of generality, assume that || f —7(f)|| = 1 and set h = f —7(f).
Then we have w(h) = 0 and ||h|| = 1. Using h+1/¢ instead of f + ¢, it suffices
to show that

14 th)?
/(1 +th)?log %dw < t2/h2 log h’dr +2t2,  teR.

Define

1 2
hs(t) = /(1 +th)? log %dﬂ' —1? / h*log h*dr.

Then

3
hi(t) :2/(1+th)hlog[(1+th)2+6]dﬁ+2/%dﬁ

— 2t [1 + log(1 + t?) +/h2 loghzdw],

2 2
hy(t) :2/h210g wdﬂ+10/h2(ﬂidﬂ

(1+ t2)h? L+th)2+6
5 (L+th)* 4¢2
- —— —dr —2— :
4/h [(1+th)2+5]2d7r 1+41¢2

By Jensen’s inequality,

o, (1+th)y*+46 (1+th)2+6 5
~ 7 < > 7 — R
/h log EEE dr < log T dr =log 1+ T )

since w(h) = 0 and ||| = 1. On the other hand, by the Schwarz inequality,

1—|—th 1—|—th
2 2

dm, T 1].
Alt, (5 /h )2 5] A(t,9) /h L5 h)? 5d € [0,1]
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Hence

RY(t) < 2log <1 + %) — [4A(t,0)* — 10A(t,6)] — 2 < 2log(1 + §) + 4.

Noting that hs(0) = log(1 + §) and h5(0) = 0, by Taylor expansion, we get
hs(t) <log(l +8) + [2 + log(1 + 8)]t*.

The assertion now follows by letting § — 0. O

4.7 Upper bounds

The upper bound given by Theorem 4.12 is usually very rough. Here we
introduce two results which are often rather effective. The results show that
order one (respectively, two) of exponential integrability is required for A; > 0
(respectively, o > 0).

Theorem 4.15 (Chen and F.Y. Wang, 1998). Suppose that the function r
used in (4.2) is J-a.e. positive. If there exists ¢ > 0 such that

ess sup s |o(z) — o(y)|*r(z,y) <1, (4.18)

then
A1 < inf {52/4 L e >0, () = oo}. (4.19)

Consequently, A; = 0 if there exists ¢ > 0 satisfying (4.18) such that 71'(659”) =00
for all e > 0.

Proof. We need to show that if ﬂ(eESO) = 00, then A\ < 52/4. Forn > 1,
define f,, = exple(¢ A n)/2]. Then we have

A < D(fa)/ [7(£2) = m(fu)?]. (4.20)

Since {¢ > m} | § as m — oo, for every m > 1, we can choose r,, > 0 such
that w(p > ry,) < 1/m. Then

(T, 12) > Vi w (Tigsr, f) > Viitn(fa) — i e/,

Hence
w(£2)” < [\fn(2) v+ ] (4.21)

On the other hand, by the mean value theorem,

led —eB| <|A— BleVB = |A - B|(e v eP)
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for all A, B > 0. Hence

D(fn) = %/ (A, dy)[fn (@) — fn(¥)]?
S %/J(l) (dz, )l (@) — o()2r(@,9) [fal@) V fuly)]? (4.22)
< —zw(fn).

4

Noticing that 7(f2) T co as n — oo, combining (4.22) with (4.20) and (4.21)
and then letting n ] oo, we obtain A; < 52/[4(1 — m_l)]. The proof is
completed by setting m T oco. [

Theorem 4.16 (F.Y. Wang, 2000a). Suppose that (4.18) holds. If o > 0,
then

2
ﬂ_(eemp?) < exp |:€(177T7(§€):| < 00, € c [0, 1/2).

Proof. (a) Given n > 1, let ¢, = ¢ An, fn = exp [r2/2], and hy,(r) =
7r( ”Pn) Then, by (4.2), (4.18), and applying the mean value theorem to the
function exp[mc2 /2], we get

D(f) = 5 [ Tde.dy)lfue) ~ fulo)

2
<% [ 10z dn)let) - )Prie.y)
2
X max {‘Pn(x)fn(m)v ‘Pn(y)fn(y)}
2 [0y (@ o)
< rhl.
(b) Next, applying the logarithmic Sobolev inequality to the function f,
and using (a), it follows that
rh!, (1) < hp(r)1og by (1) + 202K, (1) /o, r>0.
That is,
1
h! _
n(r) < r(1—2r/o)

Since hy,(r) = 1 for all » > ¢ > 0, applying Corollary A.5 to the interval
[€,2/0), it follows that

hyn(r)log by (1), r € [0,0/2).

r(en)

hy, < h, r(1—2e/o0)/e(1-2r/c)
(r) < hac) e [T

} as ¢ — 0.

The required assertion then follows by letting n — co. [
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4.8 Nash inequality

Theorem 4.17 (Chen, 1999b). Define the isoperimetric constant I,, as follows:

T2 (A x A°) T2 (A x A°)

I,= inf “Z— """ 72— inf , > 1.
o<r(i<1/z (AR " o<x(h)<t [m(a) Am(ae) O
Then y
Var(f)"F27 22D IFIIYY, f € L (n). (4.23)

Proof. The proof below is quite close to that of L. Saloff-Coste (1997). Fix a
bounded g € Z(D). Let ¢ be a median of g. Set f = sgn(g — ¢)|g — ¢|?>. Then
f has median 0. On the one hand, by using the functional form of I,

1= { 2LV )T o)

fc: c is a median of f ||f - C”V/(V—l) .

feLn)is nonconstaunt}7 (4.24)

which will be proved later, and setting ¢ = v/(v — 1), we obtain

1 _
lo = el =171, < 327 [ IOl fw) - F@l @)
On the other hand, since
la? — b?| if ab > 0,
—b + b)) =
la= bl (jal + 101 {(|a|+|b|)2 if ab < 0,

we have | f(y) — f(2)| < [g(y) — g(2)| (l9(y) — ¢ + [g(x) — c[). By using this
inequality and following the last part of the proof of Theorem 4.11, we get

/JW”MLQMﬂw—f@»

1/2
</2D(g) [/J“)(dr,dy)[lg(y) — |+ [g(x) — o] (4.26)

<2v2D(g) llg = ¢ll2:
Combining (4.25) with (4.26), we get
lg = ell3, < I'v/2D(9) llg — cll=.

On the other hand, writing ¢? = ¢?/(*+1) . ¢2/(*+1) and applying the Holder
inequality with p’ = (v +1)/2 and ¢’ = (v + 1)/(v — 1), we obtain

1/(v+1 v/(v+1
lgll2 < Nlglly/ @ gl .
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From these facts, it follows that

_ v/2(v+1) 1/(val
lg = ell2 < [1;v/2D(g) llg — ell2] lg—elly/+o.
Thus 2(1+2 4
+2/v - v
lg — 3"/ < 21,2D(g) |lg — €ll}",
and hence

Var(g)'+2/* < 21,;2D(g) |9l

We now return to prove (4.24). Denote by J,, the right-hand side of (4.24).
Set ¢ = v/(v — 1) and ignore the superscript “(1/2)” in J(}/2) everywhere for
simplicity. Take f = I with 0 < w(A) < 1/2. Then f has median 0.
Moreover,

/ J(de, Ayl f() — F@)] = 27(A x A%), || fllq = m(A)7.

This proves that I, > J,.
Conversely, fix f with median c. Set fi= (f —¢)*. Then f, +f_ = |f—|

ar;d 1f () = f(@)] = [+ () — f+(@)| + |f-(y) = f-(2)]. Put F" = {fy > t}.
Then

5 [ el ) f@l =5 [T 1) - Fo @) + 1)~ @]

£l ,
= [ < () (X ()
0
(by the coarea formula)
£l
>1, / [7(E;)Y9 + m(F7)Y9]de.
0

Next, we need the following simple result.
Claim. Let p > 1. Then ||f||, < F iff || fg]l1 < FG holds for all g satisfying

lgllq < G, where 1/p+1/q=1.
It follows that
W(Ft:t)l/q = ||IFtin = | S"lup <IFti7 g>7 1/r_|_ 1/q =1.
gll-<1
Thus, for every g with ||g||» < 1, we have

3 [ Jn ) = F@ > 4 [ g+ U o))

t t

=L[(f+, 9) + (f-. 9)]
=L{f -, g).

Taking the supremum with respect to g, we get

5 [ 7@ i) - @) > Lif el C
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4.9 Birth—death processes

Finally, we apply the above results to birth—death processes to illustrate the
power of Cheeger’s approach. Consider a regular birth—death process on Z
with birth rates (b;) and death rates (a;). Then J;; = mb; if j = i + 1,
Jij = ma; if j =i —1, and J;; = 0 otherwise. We have the following result.

Theorem 4.18. For a birth—death process, take r;; = (a; +b;) V (a; +b;) (1 #
j). Then the following assertions hold:

(1) For the Nash inequality, I, > 0 for some v > 1 iff there exists a constant
¢ > 0 such that

12> 1.

)

. (v—1)/v
1 2 C|:Z7Tj:|
\Tii—1 >

If so, we indeed have I, > c.
(2) For the logarithmic Sobolev inequality, £(>) > 0 iff

. U /
inf —— 5 —log » m; >0;
121 /T -1 (; ]> ; ! ’

e Tl
z1r21£ o /( - Zﬂ’j) logZWj > 0.

Jjzi Jjzi

k(@) > 0 iff

(3) For the Poincaré inequality, £(®) > 0 iff there exists a constant ¢ > 0 such

that o
i .
s > CZﬂ'j, 1> 1.
ii—1

jzi
Then we indeed have k(®) > ¢.

In particular, for the Poincaré inequality, the sufficient condition given by
the last assertion can be rewritten as

/Trn—
sup puln, OO)Ll < o0. (4.27)

n>1 tn—1bn—1

The criterion given in Table 1.4 is

sup p[n, 0o) < 0. (4.28)

n>1

bj

j<n—1Hi

From these, the difference of the methods should be clear. Further comparison
is given in Section 7.3.
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Example 4.19. Consider the birth—death process with as;—1 = (2i — 1)2, ao; =
(24)*, and b; = a; for all i > 1. Then (4.28) holds but (4.27) fails.
Proof. Since b; = a;, we have u,b, ~ 1 and so

1
b

~ M as n — OoQ.

j<n—1

But p[n,o0) ~ 1/n; hence (4.28) holds. Next, since 7, ,—1 ~ n?, it is clear
that (4.27) fails. O

The details of this chapter are included in Chapter 9 of the second edition
of Chen (1992a).



Chapter 5

Ten Explicit Criteria in
Dimension One

Traditional ergodicity constitutes a crucial part of the theory of stochastic
processes and plays a key role in practical applications. The theory of ergodi-
city has been much refined recently, due to the study of some inequalities,
which are especially powerful in the infinite-dimensional situation. The ex-
plicit criteria for various types of ergodicity for birth—death processes and
one-dimensional diffusions are collected in Table 1.4 and Table 5.1 below, re-
spectively. In this chapter, we explain in detail an interesting story about
how to obtain one of the criteria for birth—-death processes.

This chapter is organized as follows. First, we recall the study of exponen-
tial convergence from different points of view in different subjects: probability
theory, spectral theory, and harmonic analysis (Sections 5.1 and 5.2). Then
we introduce an explicit criterion for convergence, variational formulas, and
explicit estimates for the convergence rates. Some comparisons with known
results and an application to geometry are included (Section 5.3). Next, we
present ten (eleven) criteria for the two classes of processes (birth—death pro-
cesses and one-dimensional diffusions), respectively (Section 5.4). The tech-
nical proofs are collected in the last two sections. Section 5.5 is devoted to
exponential ergodicity for the discrete case. Section 5.6 is devoted to strong
ergodicity, using both analytic and coupling proofs.

Let us begin with the chapter by recalling the three traditional types of
ergodicity.

5.1 Three traditional types of ergodicity
Let @ = (g;;) be a regular Q-matrix on a countable set E = {i,j,k,...}.

That is, ¢;; = 0 for all i # j, q; := —q;; = Zj# q;; < oo foralli € E, and
@ determines uniquely a transition probability matrix P, = (p;;(¢)) (which is
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also called a Q-process or a Markov chain ). Denote by m = (m;) a stationary
distribution of P;: mP; = « for all ¢t > 0. From now on, assume that the Q-
matrix is irreducible and hence the stationary distribution 7 is unique. Then
the three types of ergodicity are defined as follows:

Ordinary ergodicity : tlim |pij (t) — 7] =0, (5.1)
Ezponential ergodicity : tlim e™|pi;(t) — 5] =0, (5.2)
Strong ergodicity : tlim sup [pi;(t) — m;[ =0 (5.3)

= tlim Pt sup Ipij (t) — ;| =0, (5.4)

where & and B are (the largest) positive constants and i, j vary over all of E.
The equivalence in (5.4) is well known, but one may refer to the second part
of Section 5.6. These definitions are meaningful for general Markov processes
once pointwise convergence is replaced by convergence in total variation norm.
The three types of ergodicity were studied a great deal during the period
1953-1981. Especially, it was proved that

strong ergodicity = exponential ergodicity = ordinary ergodicity.

Refer to W.J. Anderson (1991), Chen (1992a, Chapter 4), S.P. Meyn and
R.L. Tweedie (1993b) for details and related references. We will return to
this topic in Chapter 8. The study is quite complete in the sense that we
have the following criteria, which are described by the @Q-matrix plus a test
sequence (y; ) only, except for the exponential ergodicity, for which one requires
an additional parameter \.

Theorem 5.1 (Criteria). Let H # () be an arbitrary but fixed finite subset of
E. Then the following conclusions hold:

(1) The process P, is ergodic iff the system of inequalities

{Zj 4;;Y; <-1, 1 ¢ H,

(5.5)
DicH 2jzi Gig¥i < 00

has a nonnegative finite solution (y;).
(2) The process P, is exponentially ergodic iff for some A > 0 with \ < ¢, for
all 7, the system of inequalities

ZieH Zj;ﬁq’, 4595 < 0,

has a nonnegative finite solution (y;).
(3) The process P, is strongly ergodic iff the system (5.5) of inequalities has a
bounded nonnegative solution (y;).
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Replacing (y;) in (5.6) with (g; = Ay; + 1), one can rewrite (5.6) as

Yi 2 1) 1 S E7
Zj 49 < —Ayi, i ¢ H, (5.6")
Dicn 2ujpi Gij¥si < 00

The probabilistic meaning of the criteria are respectively as follows:

maxE;oy < 0o, maxE;e’# < oo and supEo < oo,
i€ H i€ H i€E

where oy = inf{t > the first jumping time : X; € H} and A is the same
as in (5.6). The criteria are not completely explicit, since they depend on
the test sequences (y;), and in general it is often nontrivial to solve a system
of infinitely many inequalities. Hence, one expects to discover some explicit
criteria for some specific processes. Clearly, for this, the first candidate should
be the birth—death processes. Recall that for a birth-death process with state
space £ = Z, = {0,1,2,...}, its Q-matrix has the form: ¢, ;,, = b; > 0 for
alli >0, ¢, 1 =a; >0foralli>1, and ¢;; = 0 for all other i # j. Along
this line, it was proved by R.L. Tweedie (1981) [see also W.J. Anderson (1991)
or Chen (1992a)] that

=Y Y

n>1  j<n— 1“33

< oo = Exponential ergodicity, (5.7)

where py =1 and p, =bg---bp_1/ay - - ay for all m > 1. Refer to Z.K. Wang
(1980), X.Q. Yang (1986), or Z.T. Hou et al. (2000) for the probabilistic
meaning of S. The condition is explicit, since it depends only on the rates
a; and b;. However, the condition is not necessary. A simple example is as
follows. Let a; = b; =7 (i > 1) and by = 1. Then the process is exponentially
ergodic iff ¥ > 2 but S < oo iff v > 2. See Chen (1996) or Examples 8.2 and
8.3. Surprisingly, the condition is correct for strong ergodicity.

Theorem 5.2 (H.J. Zhang, X. Lin, and Z.T. Hou, 2000). Strong ergodicity
holds iff S' < oo.

Refer to Z.T. Hou et al (2000). With a different proof, the result has been
extended by Y.H. Zhang (2001) to the single birth processes with state space
Zy (the details are presented in Section 5.6 below). Here, the term “single
birth” means that ¢, ;,, > 0 for all 7 > 0 but ¢;; > 0 can be arbitrary for
j < i. Introducing this class of Q-processes is due to the following obser-
vation. If the first inequality in (5.5) is replaced by equality, then we get a
recursion formula for (y;) with one parameter only. Hence, there should exist
an explicit criterion for ergodicity (respectively, uniqueness, recurrence, and
strong ergodicity). For (5.6), there is also a recursion formula, but now two
parameters are involved, and so it is unclear whether there exists an explicit
criterion for exponential ergodicity.
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Note that the criteria are not enough to estimate the convergence rate &
or 3 [cf. Chen (2000a)]. That is the main reason why we have to return to
the well-developed theory of Markov chains. For birth—death processes, the
estimation of & was studied by E.A. van Doorn in a book (1981) and in a
series of papers (1985; 1987; 1991; 2002). He proved, for instance, the lower

bound
o> igg {aiv1 +bi — Vaibi — \/aiz1bis1},

which is exact when a; and b; are constant. The following formula for the lower
bounds was implied in his papers and rediscovered from a different point of
view (in a study of the spectral gap) by Chen (1996):
G = sup inf{aHl + bl — G,Z'/’Uifl — bi+11}7;}.
v>0120
Furthermore, the precise value of & was determined by E.A. van Doorn for
four practical models. The main tool used in van Doorn’s study is the Karlin—
Mcgregor representation theorem, a specific spectral representation involving

heavy techniques. No explicit criterion for & > 0 ever appeared until Chen
(2000c).

5.2 The first (nontrivial) eigenvalue (spectral
gap)

Birth—-death processes have a nice property, symmetrizability: u;p;;(t) =
w;p;i(t) for all 4,7 and ¢ > 0. Then the matrix ) can be regarded as a
self-adjoint operator on the real L2-space L?(u) with norm | -||. In other
words, one can use the well-developed L?-theory. For instance, one can study
the L2-exponential convergence given below, assuming that Z = Do i < 00
and then setting m; = p;/Z. Then convergence means that

1Pf = m (A < I = m(f)lle™ (5.8)

for all ¢ > 0, where m(f) = [ fdm and A1 is the first nontrivial eigenvalue (or
spectral gap) of (—Q) [cf. Chen (1992a, Chapter 9) or Theorem 5.10 below].

The estimation of \; for birth—death processes was studied by W.G. Sulli-
van (1984), T.M. Liggett (1989), and C. Landim, S. Sethuraman, and S.R.S.
Varadhan (1996) [see also C. Kipnis and C. Lamdin (1999)]. It was used as a
comparison tool to deal with the convergence rate for some interacting parti-
cle systems, which are infinite-dimensional Markov processes. Here we recall
three results.

Theorem 5.3 (W.G. Sullivan, 1984). Let ¢, and ¢, be two constants satisfying

Z'>7: Hj 1
clksupjé7 Cy = Sup —.
i>1 i i1

Then A\ > 1/4c3c,.
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Theorem 5.4 (T.M. Liggett, 1989). Let ¢; and ¢, be two constants satisfying

Z' Y Ty

]>zlu’] Z]>zlu’] J

c] = sup ———, Cy = Sup ————.
i1 HiGyg i>1 HiGyq

Then A1 > 1/4¢;¢,.

Theorem 5.5 (T.M. Liggett, 1989). Let inf;>1a; > 0, inf;50b; > 0 and
sup;>ob; < co. Then Ay > 0 iff (1;) has an exponential tail: Z]}i i < Cuy;
for all i and some constant C' < oo.

The reason we are mainly interested in the lower bounds is that on the
one hand, they are more useful in practice, and on the other hand, the upper
bounds are usually easier to obtain from the following classical variational
formula:

A= inf {D(f) : u(f) = 0, u(f?) =1},

where

Zuzq” £ 2(D)={f € L*(n): D(f) < o0},

and p(f) = [ fdp.
Let us now leave Markov chains for a while and turn to diffusions.

One-dimensional diffusions

As a parallel of birth—death process, we now consider an elliptic operator L =
a(z)d?/dz? + b(x)d/dz on the half-line [0, 00) with a(z) > 0 everywhere and
with reflecting boundary at the origin. Again, we are interested in estimation
of the principal eigenvalues, of which the study is a typical, well-known Sturm-—
Liouville eigenvalue problem in the spectral theory. Refer to Y. Egorov and
V. Kondratiev (1996) for the present status of the study and references. Here,
we mention two results, which are the most general ones we have ever seen.
From now on, we often omit the integral variable when it is integrated with
respect to the Lebesgue measure.

Theorem 5.6. Let b(x) = 0 (which corresponds to the birth—death process with
a; = b; forall i > 1) and set § = sup,-z [, a~'. Then we have the following
results.

(1) 1.S. Kac and M.G. Krein (1958): 671 > \g > (48) !, where X is the first
eigenvalue corresponding to the Dirichlet boundary f(0) = 0.

(2) S. Kotani and S. Watanabe (1982): 671 > X\; > (40)~!
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It is a simple matter to rewrite the classical variational formula as (5.9)
below. Similarly, we have (5.10) for Xo.
Poincaré inequalities

A 1f =7 (HIIP < ATTD), (5.9)
Ao : IF1? < A ' D(f),  f(0) =0. (5.10)

It is interesting that inequality (5.10) is a special but typical case of the
weighted Hardy inequality discussed in the next subsection.

Weighted Hardy inequality
The classical Hardy inequality goes back to G.H. Hardy (1920):

N (2 N T e o7
[E) <) [ so=orz0050,

where the optimal constant was determined by Landau (1926). When p = 2,
this corresponds to the operator L = zd? /dz?. Then the result says that
Ao = 1/4. Clearly, this operator is too special. The extension by I. Kac and G.
Krein (1958) to the operator L = a(z)d®/dz?, mentioned in Theorem 5.6 (1),
provides nice lower and upper bounds up to a factor 4, rather than an explicit
formula for A\g. After a long period of efforts by analysts, the inequality was
finally extended to the following form, called the weighted Hardy inequality,
by B. Muckenhoupt (1972):

/oofpdu@/oo PN, feCh, f(0)=0, f >0, (5.11)
0 0

where v and A are nonnegative Borel measures. This is the most general form
in dimension one.

Another direction to generalize the Hardy inequality is to go to higher
dimensions. A general result was stated in Theorem 4.8.

The Hardy-type inequalities play a very important role in harmonic analy-
sis and potential theory, and have been treated in many publications. Refer to
the books B. Opic and A. Kufner (1990), V.G. Maz’ya (1985), A. Kufner and
L.E. Persson (2003), and the articles E.M. Dynkin (1991), E.B. Davies (1999),
and A. Wedestig (2003) for more details. We will return to this inequality
soonn.

We have finished an overview of exponential convergence (equivalently,
the Poincaré inequalities) in different areas. The difficulties of the topic are
illustrated in Section 1.1.
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5.3 The first eigenvalues and exponentially
ergodic rate

We are now in a position to state our results. To do so, define

W ={w:wy,=0,w; 11}, Z:Z“i’ 0 = sup Z %Zuj,

>0 ;G Hi% 5

where “11” means strictly increasing. Recall the notation w; = w; — 7(w).
By suitable modification, we can define 7;7//(cf. the last subsection of Section
1.2) and explicit sequences {8, } and {8,} (the diffusion analogues are given
in Theorem 6.1 (3)). Refer to Chen (2001a) for details.

The next result provides a complete answer to the question proposed in
Section 5.1. In particular, we have gone a long way to arrive at an explicit
criterion (parts (3) and (4) below). A direct proof of the criterion will be
presented in Section 5.5. The assertion (4) below is now a consequence of
Theorem 8.18 (4).

Theorem 5.7. For birth—death processes, the following assertions hold:

(1) Dual variational formulas.

)\1 = Sup mf Uzbz(wz+1 - wz)/ Z ,Ll,jlf)j [Chen (1996)] (512)
wew 120 J>it1

= inf sup p;b;(wit1 — w;) Z w;w; [Chen (2001a)]  (5.13)
weW 120 >itl

(2) Approzimation procedure and explicit bounds.

Z67 260 > A\ =6, > (46)7! foralln  [Chen (2000b; 2001a)].

(3) Ezplicit criterion. \y > 0iff 6 < oo [L. Miclo (1999b), Chen (2000b)].
(4) Relation: & =Xy [Chen (1991b)].

The formula (5.12) is nothing new, but is simply Theorem 3.2 (Section
3.7). The proofs of parts (2) and (3) are similar to those for the continuous
case (stated as Theorem 5.8 below), and will be presented in Section 6.7. In
part (1) of Theorem 5.7, only two notations are used: the sets # and W of test
functions (sequences). Clearly, for each test function, (5.12) gives us a lower
bound of A;. This explains the meaning of “variational.” Because of (5.12),
it is now easy to obtain some lower estimates of A1, and in particular, one
obtains all the lower bounds given by Theorems 5.3-5.5. Next, by exchanging
the orders of “sup” and “inf,” we get (5.13) from (5.12), ignoring a slight
modification of #". In other words, (5.12) and (5.13) are dual to each other.
For the explicit estimates “6=1 > Ao > (46)_1,” and in particular for the
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criterion, one needs to find a representative test function w among all w €
# . This is certainly not obvious, because the test function w used in the
formula is indeed a mimic eigenfunction (eigenvector) of A;, and in general,
the eigenvalues and the corresponding eigenfunctions can be very sensitive,
as we have seen from the examples given in Section 1.1. Fortunately, there
exists such a representative function with a simple form. We will illustrate
the function in the context of diffusions in the second to the last paragraph
of this section.
In parallel, for diffusions on [0, 0o], define

o = [Ta s=amp [T [T

F ={f€C[0,00)NC"(0,00) : f(0) =0and f'|(g,0) > 0}.

Again, denote by % F a suitable modification of .F F cf. (6.8) below].

Theorem 5.8 (Chen (1999a; 2000b; 2001a)). For diffusion on [0,00), the
following assertions hold;

(1) Dual variational formulas.

Ao = sup inf @ f'(z // feC/a, (5.14)

fez x>0

Ao < inf sup e¢ // fe/a. (5.15)

feF x>0

Furthermore, the equality holds in (5.14) and (5.15) if both a and b are
continuous on [0, 00).

(2) Approximation procedure and explicit bounds. A decreasing sequence
{6n} and an increasing sequence {0,,} are constructed explicitly such that

SL=0. > =0, > 46"t foralln.

(3) Ezplicit criterion. Ao (respectively, A1) > 0iff § < oco.

We mention that the above two theorems are also based on Chen and F.Y.
Wang (1997a).

To see the power of the dual variational formulas, let us return to the
weighted Hardy inequality.

Theorem 5.9 (B. Muckenhoupt, 1972). The optimal constant A in the ine-
quality

/OO f2dv < A/OO F2a, fect f0)=o, (5.16)
0

satisfies B < A < 4B, where

B = sup vz, oo)/ (daps/dLeb) ™t
x>0 0
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and d\,ps/dLeb is the derivative of the absolutely continuous part of A with
respect to Lebesgue measure.

By setting v = 7 and A = e“duz, it follows that the criterion in Theorem
5.8 is a consequence of Muckenhoupt’s theorem. Along this line, the criteria
in Theorems 5.7 and 5.8 for a typical class of the processes were also obtained
by S.G. Bobkov and F. Gotze (1999a; 1999b), in which, the contribution of
an earlier paper by J.H. Luo (1992) was noted. Refer also to L.H.Y. Chen
(1985a), and his joint paper with J.H. Lou (1987) for a different approach to
some Poincaré-type inequalities.

We now point out that the explicit estimates “6=! > Ao > (45)_1” in
Theorems 5.8 and 5.9 follow from our variational formulas immediately. Here
we consider the lower bound “(45)~1” only; the proof for the upper bound
“5717 is also easy, in terms of (5.15) (cf. Section 6.2).

Recall that § = sup,~ [y ¢ [77e%/a. Set p(x) = [, eC. Using the
integration by parts formula, it follows that

[ vel5)

(o9

IN
pSy
&
+
[CIRSS
T~
3
s,
[NV}
/
e
&

Hence

e~ C@) /°° \/@ec . e~ C@) () 26 15
(\/@)/(m) . a = (1/2)eC@ o(2) :
This gives us the required bound by (5.14), since /¢ € .Z.
Theorem 5.8 can be immediately applied to the whole line or higher-
dimensional situations. For instance, for the Laplacian on compact Rieman-
nian manifolds, it was proved by Chen and F.Y. Wang (1997b) that

Af(r)

A1 > sup inf — )
fe re0.D) [T C(s)1ds [P C(u)f(u)du

= 517

for a specific function C(r) (Theorem 1.1). Thanks are given to the coupling
technique, which reduces the higher-dimensional case to dimension one. We
now have =1 > 5;1 1>& >6,1 1> (40)7!, similar to Theorem 5.8. Refer
to Chen (2000b; 2001a), or Theorem 6.1 (3) and Theorem 6.2 (3), for details.
As we mentioned before, the use of test functions is necessary for producing
sharp estimates. In fact, the variational formula enables us to improve a num-
ber of best known estimates obtained previously by geometers, but none of
them can be deduced from the estimates “67' > & > (45)_1.” Furthermore,
the approximation procedure enables us to determine the optimal linear ap-
proximation of & in K: & > m2/D? + K/2, where D is the diameter of the
manifold and K is the lower bound of Ricci curvature, as stated in Corollary
1.3 [cf. Chen, E. Scacciatelli and L. Yao (2002)]. We have thus shown the
value of our dual variational formulas.
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5.4 Explicit criteria

Three basic inequalities

In the last three sections, we have mainly studied the Poincaré inequality, i.e.,
(5.17) below. Naturally, one may study other inequalities, for instance, the
logarithmic Sobolev inequality or the Nash inequality listed below:

Poincaré inequality - ||f — n(f)||* < A\ D(f); (5.17)
Logarithmic Sobolev inequality : /f2 log(|f/IIfINdm < a7 D(f); (5.18)

Nash inequality - ||f — 7(/)|** < DN} (for some v > 0).
(5.19)
Here, to save notation, o (respectively, ) denotes the largest constant such

that (5.18) (respectively, (5.19)) holds.
The next inequality is a generalization of the Nash one.

Liggett-Stroock inequality : || — =(f)||* < CD(/)"/?V(f)9,  (5.20)
where V' is homogeneous of degree two:
V(ef +d) =V (f), c,d € R. (5.21)

The importance of these inequalities is due to the fact that each inequality
describes a type of ergodicity.

Theorem 5.10 ([Chen (1991b; 1992a), T.M. Liggett (1989; 1991)]). Let V
satisfy (5.21) and let (P;);>0 be the semigroup determined by the Dirichlet form
(D, 2(D)).

(1) Let V(P.f) < V(f) forall t >0 and f € L?(w) (which is automatic when
V(f) = |flI?). Then the Liggett—Stroock inequality implies that
Var(P.f) = |Pf —=(fII* <CV(H /1~ t>0.

(2) Conversely, in the reversible case, the last inequality in (1) implies the
Liggett—Stroock inequality.
(3) Poincaré inequality <= Var(P; f) < Var(f) exp[—2A1t].

Proof. Here we prove parts (1) and (2) only. The proof of part (3) is similar
[cf. Chen (1992a, Theorem 9.1)].

(a) Assume that (5.20) holds. Let f € Z(D) and n(f) = 0. Then f; :=
P(t)f € 2(D). Set F, = n(f?). Since

F{ = =2D(fi) < ~2C77V(§) P L = —2CPERV ()P,
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part (1) follows from Corollary A.4. Note that the proof of this step does not
need reversibility.

(b) Conversely, since the process is reversible, the spectral representation
theorem (cf. Section 7.4) gives us

LF-POF )1 DG as 10
Hence

IF1I? = tD(f) < (PO f, /) < IPOSII < IFIVEV (O, =(f)=0.

Put A= D(f), B=|fl|\/CV(f), and Cy = || f||*. Tt follows that C; — At <
Bt(1=9/2 The function h(t) := At + BtU=9/2 —C; (> 0 forallt > 0)
achieves its minimum

g—1 2/(q+1) 9 (¢—1)/(q+1)
h(ty) = [(T) + (q—1> }A(ql)/(qul)B?/(qH) el

at the point

> 0.

24 } —2/(g+1)
to =

{m

Now, since h(tg) > 0, it follows that | f]|> < Co D(f)Y/PV(f)'/4 for some
constant Cy > 0, and so we have proved part (2). O

Criteria

Recently, the criteria for the logarithmic Sobolev and Nash inequalities as
well as for the discrete spectrum (which means that there is no continuous
spectrum and moreover, all eigenvalues have finite multiplicity) were obtained
by Y.H. Mao (2002a; 2002b; 2004), based on the weighted Hardy inequality.
On the other hand, the main parts of Theorems 5.7 and 5.8 were extended to
a general class of Banach spaces by Chen (2002a; 2003a; 2003b), which unify
a large class of inequalities and in particular provide a unified criterion. This
is the aim of the next chapter. We can now summarize the results in Tables
1.4 and 5.1. The tables are arranged in such an order that the property in
each line is stronger than the previous one, the only exception being that even
though the strong ergodicity is often stronger than the logarithmic Sobolev
inequality, they are not comparable in general (Chen, 2002b); refer to Chapter
8 for more details.

For birth—death processes, ten criteria are presented in Table 1.4. For two
of the criteria, the proofs are given in the next two sections.

For diffusion processes on [0, 00) with reflecting boundary and operator

d? d

L= G/(.’I})@
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define » .
C@ = [ vo o= [

Then we have criteria listed in Table 5.1. Here, “(x) & ---” means that one

Table 5.1 Eleven criteria for one-dimensional diffusions

Property Criterion
Uniqueness / 1[0, 2]e @ =00 (%)
0
Recurrence / e ¢ = o
0
Ergodicity (%) & p]0,00) < 00

Exponential ergodicity (%) & sup e, o) * e C oo
L?-exp. convergence o0 0

x
Discrete spectrum (%) & lim sup pfz, oo)/ e ¢ =0
n— g>n n
Log. Sobolev inequality IR B
Exp. convergence in entropy () & ili%u[x,oo)log[u[a?, o9 0 ¢ s
o . o0
1Strong ergodicity (%) ulz, oo)efc(“") oo
L*-exp. convergence 0
xr
Nash inequality (*) & sup plz, oo)(”_Q)/”/ e ¢ <0 (e)
>0 0

13 ”

requires the uniqueness condition in the first line plus the condition
The “(¢)” in the last line means that there is still a small gap from being
necessary. In other words, when v € (0, 2], there is still no criterion for the
Nash inequality. The reason we have one more criterion here than in Table
1.4 is due to the equivalence of the logarithmic Sobolev inequality and expo-
nential convergence in entropy. However, this is no longer true in the discrete
case. In general, the logarithmic Sobolev inequality is stronger than expo-
nential convergence in entropy. A criterion for the exponential convergence
in entropy for birth—death processes remains open (open problem) [cf. S.Y.
Zhang and Y.H. Mao (2000), Y.H. Mao and S.Y. Zhang (2000)]. The other
two equivalences or coincidences in the tables come from Figure 1.1.

5.5 Exponential ergodicity for single birth
processes

In this section, we study exponential ergodicity for single birth processes,
which are in general irreversible. In particular, we prove the criterion for
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the ergodicity of birth—death processes presented in Table 1.4. The strong
ergodicity for this class of processes will be studied in the next section.

The @Q-matrix of a single birth process Q = (q;; : i,j € Z4) is as follows:
Giy1 > 0, ¢4, =0forallieZy :={0,1,2,...} and j > 2. Throughout
the chapter, we consider only a totally stable and conservative (Q-matrix:
G = —u = D4y < oo foralli € Zi. Define P = Z?:o q,,; for

<k<n(kneZ;)and

1
mog=—, My <1+Zq mk> n=>1,

o1 qn 41
EM =1 FO = Z ¢PF 0<i<n,
qn n+1 k=i
do=0, d,= 1+Zq(kdk n>1
qn n+1
More simply,
n gk n gk FO
dy = L my = = +d,, n>=0.
i1 Tk k1 o Ik k+1 do1

Here, as usual, > ; = 0. For birth-death processes, these quantities take a
simpler form:

bo 1

my, = po,n], FO = pllyn],  n>1,

Pnbn
where pfi, k| = >, i) #j. The main advantage of single birth processes is
that the exit boundary consists of at most one single extremal point, and so
explicit criteria can be expected. Here are the criteria for the three classical
problems.

e Uniqueness (regularity) <= > ° m, = co. Next, assume that the
@-matrix is irreducible; then

0
e recurrence <= » >  F, B =

e ergodicity <= d := SUPRez, (Z::O dn)/(ano FT(LO)) < o0

[cf. Chen (1992a, Theorems 3.16 and 4.54)].

Unfortunately, a criterion for the exponential ergodicity of general single
birth processes remains unknown (open problem). Here is a sufficient condi-
tion, due to Y.H. Mao and Y.H. Zhang (2004) with an addition (Proposition
5.13), which is a generalization of the criterion for birth-death processes.

= 00. In the regular case,

Theorem 5.11. Let the single birth ()-matrix be regular and irreducible. If

i—1 (%)

1
qul >0 and M := supZF Z ——@ <% (5.22)
=0 =i Gty
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then the process is exponentially ergodic. Condition (5.22) is necessary for the
exponential ergodicity of birth—death processes for which

Proof. In view of Theorem 5.1, the condition inf; ¢; > 0 is indeed necessary.
We prove first the sufficiency of (5.22).
(a) Let H = {0}. We need to construct a solution (g;) to the equation
(5.6") for a fixed A\: 0 < A < inf; g;. First, define an operator

WV

1—1 fe%s)
Ili(f):%ZFj(o) 3 _ e i>1.
=0

(0)°
k=j+1 qk,k+1Fk

This is an analogue of the operator I(f) used several times before and will be
discussed in more detail in the next chapter. It indicates a key point in this
proof, which comes from a study of the first eigenvalue. Next, define

=
po=0, pi=—> F" i>1
do1 555

Then ¢ is increasing in i, and ¢ = qgll. Let f = cqi9+/q01 9 for some ¢ > 1.
Then f is increasing and f; = cqyq. Finally, define ¢ = fII(f). Then g is
increasing and

S [ /

k 1
g1 = E o = F=c> 1.
k=1 qk,k+1F1£ ) q12F1( )

We now need a technical result, to be proved later, taken from Chen (2000c).

Lemma 5.12. Let (m;) and (n;) be nonnegative sequences, n; # 0, satisfying

i—1 00
czzsupg njg mj < 0Q.
>0 =0 =i

Define g =0, ¢ = Z?;& n;. Then for every v € (0,1), we have

o0

— —1
D eimy <e(l—7y) el
j=i
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By Lemma 5.12, it follows that

Z \/_

i—1
9i = €410V 901 Z F° F

k=j+1 9k k+1

2M6q10 Z 1/2
Pj+1
7=0

WV
—_

2M
CQ1O Z Z
\/ q

01%1 555

Let go = 1. Then 1 < g; < oo for all ¢ > 0. We now determine A in terms of
equation (5.6"). When i = 1, we get A < (¢ — 1)c I (f) ™. When i > 2, we
should have

i—1 o)
)\giﬁqu(k)F() Z S N Qi1 F 10) Z
k

(0)
=0 j=k+1 4, ]+1F =i+1 9k k+1F

For this, it suffices that

1—1 e} e’}
_ wpoN~_ i 0) e
Agi < qu Fy Z 70 G+ Z 20
k=0 =i 45, j+115 k=i+1 9k k+15k
B 0) o Tk 0 — Tk
= Qi,iJrlFi Z 0 Qi,iJrlFi Z ESO)
R Y kmit1 D1 Fr

= i

In other words, for (5. 6 ), we need only \ < fi/g; = IL;(f) ! for all i > 2 and
A< (e—1)c I (f)~t. Then we can choose any \ satisfying

0<A< (—1 L(f)~ ) A (i_nf Hi(f)*l) A (irilqu), (5.23)

=2

provided the right-hand side of (5.23) is positive, or equivalently, sup,>,I;(f)
< 0o. To prove the last property, define another operator

F(O) - fr

_ 1 >1
(0) i
fir =1 ki1 D1 Fe

Li(f) =

) )

which is exactly the analogue of the one we have used many times before. By
the proportion property, we get

sup IT; (f) < sup L(f).

i>1 i>1
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By Lemma 5.12 and the condition M < oo, it follows that

Fz(O) i /_9016 < QMF(O)
VP~ VP St 4 Y G0 (VPR — VR)VPiT

for all i > 1. Therefore, sup;>, II;(f) < 4M < oo as required. We have thus
constructed a solution (gl) to equation (5.6") with 1 < g; < oo for all 7. This
implies the exponential ergodicity of the process.

For the remainder of this section, we consider birth—death processes only.
We need only prove the necessity of (5.22).

(b) Denote o;; by 0,. Suppose that the process is exponentially ergodic.
As mentioned below Theorem 5.1, there exists a A with 0 < A < ¢; for all ¢
such that Ege*?0 < co. Define

L(f) = <4M

eio()\) = / eAt]Pi[O'O > t]dt, 1€ Z+.
0

Then E;e? = Aejo(\) + 1. By Chen (1992a, Proof (a) of Theorems 4.45 and
4.44), one gets e;o(\) < oo for all i > 1. Furthermore, E;e*®0 < oo for all
1 > 1. Note that if the starting point is not 0, then o, is equal to the first
hitting time:

7, = inf{t > 0: X (t) = 0}.

Hence E;e*0 < oo for all 4 > 1. Define m( ) = E;73. The Taylor’s expansion
A"
00 > Eieto =3 Zemi™ (5.24)

n'
n=0

leads us to estimate the moments mgn). By a result due to Z.K. Wang [cf.
Wang (1980, Chapter 3), or Z.T. Hou and Q.F. Guo (1978, Chapter 9), or
Z.K. Wang and X.Q. Yang (1992)], we have

mil) Z Z Mk,

]O’ujjk j+1

(n _nz Z ‘ukmn 1)7 n

30“331@ —=j+1

WV
N

(5.25)

Obviously, m ( ) > m(") if k >i. By (5.25), it follows that

i—1 ')
R S S (z zuk> 0, nzo

j=0“J3k=i Jo“JJk7

and
i—1

1 o0
me«-

b
=0 % =
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Hence, by induction, one gets

i—1 0o n
mgn)>n!<z%2uk> , n>1.

=0 3% =

Combining this with (5.24), we obtain

which implies that

Taking the supremum over i, we obtain § < A™! < oco. Hence, the necessity
of the second condition in (5.22) is proven.
(¢) To complete the proof of the theorem, it suffices to show that

infg; =0= 6 = 0. (5.26)

To do so, we need the following result.

Proposition 5.13. For a general reversible Markov chain, if inf; g; = 0, then
A1 =0.

Having the result at hand, the proof of (5.26) is trivial, because for birth—
death processes, by Theorem 5.7 (2), we have (45)~1 < A\; < Z§~1. We have
thus completed the proof of Theorem 5.11. O

Proof of Lemma 5.12. Let M, = > .o, m;. Fix N > i. Then by the
summation by parts formula and the assumption M,, < cp, b, we get

N N N

-1
> @lm; <@ Mi+ > (9] — @) 1M < C{sO? +> 0l - «P]]/@m}
j=i

j=i j=i

By using the elementary inequality v(1 — )Y (27"t = 1)+ 27 > 1 (z > 0), it
is easy to check that

-1 - -1 -1
iy — o) Joivr Y1 =) el = 0l
Combining this with the last estimate gives us the required assertion. [J

Proof of Proposition 5.13. Without loss of generality, let the state space
E be {0,1,...}. Consider the test function f = ¢, Iz} + ¢y, where ¢; and ¢,
are constants such that 7(f) =0 and 7 (f?) = 1:

Cy = —Cq T, ¢y =1//7m(1— 7).
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Then
D(f) = Z Trlqz] (f fl)

(1,9):i<j
= Y may(fi = )+ D midy(fe — £i)?
Jik<j iri<k

_ i

a Z 1 — T Z 1 — g
7 k<j i<k
1 -7y

Applying the classical variational formula (5.9) to this f, we obtain

di

A Ik
1 1*7'(']@7

N

since for large enough ko, we have infy>p, 7, < 1/2, and therefore
inf :(inf )/\(mm ) ﬁ /\(mm )>O O
X qk oo qk L gk ) =2 B s qk .

5.6 Strong ergodicity

This section is devoted to strong ergodicity for general Markov processes. We
will adopt both the analytic method and the coupling method. Let us begin
with the analytic method for single birth processes.

For birth—death processes, the next result was first obtained by Hou et al.
(2000) with a different proof. The general case is due to Y.H. Zhang (2001).
We adopt the notation introduced at the beginning of the last section.

Analytic method

Theorem 5.14. Let QQ = (qij) be a regular, irreducible single birth Q-matrix.
Then the Q-process is strongly ergodic iff

sup Z FY - dj) < (5.27)
kEZ+] —0

For birth—death processes, the criterion becomes

S::Z wn+1,00) ZunZT<oo

n>0 n>1l  j<n—1 K%

Mnbn

as stated in Table 1.4.
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Proof. (a) We prove that the equation

q’[ 1 .
T

has a bounded nonnegative solution iff (5.27) holds. If so,
k k k
dim sup /pr = lim Zdn/zpp,
k€L n=0 n=0 koo n=0 n=0
and the unique solution to (5.28) is as follows:
=0, y1=d Y1 =yt "y —du,  n>1. (5.29)

First, assume that (5.27) holds and define (y;) by (5.29). Then, it should
be easy to verify that (y;) is a bounded nonnegative solution of (5.28).

Next, let (y;) be a bounded nonnegative solution of (5.28) and define
Un = Ynt+1 — Yn for n > 0. From (5.28), it is not difficult to derive

(Zq vk—1>, n = 1.

k=0

qn n+1

By induction, we can easily prove that v, = 7EO)UO —d,, for all n > 0. Note

that vg = y;. From these facts, it follows that

Vi1 =Y vn=3 (FV%0—d,), keZ,. (5.30)

Now, on the one hand, by (5.30) and yx41 > 0, it follows that

k k
> Zodn/ZOF}P, keZ,.

Hence vo > d = supyez, Y ,—odn /Zn o Fn”’. On the other hand, by (5.30)
again,
k
dn
% :007%71;0(0)’ :ZCGZ+ (531)
Zn:O Fn Zn:O Fn

Note that (y;) is bounded and Zﬁzo F9 = +o0as k— oo (by recurrence).

Letting k — oo in (5.31), we see that the right-hand side of (5.31) tends to a

limit vo — d’, where
d = lim d /
k—>oo
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Furthermore vy < d’ < d. Hence, we have y; = vg = d = d’. Combining
this with (5.30), it follows that the solution (y;) to (5.28) must have the
representation (5.29) and hence is unique. Finally, by the boundedness of (y;)
and (5.30), condition (5.27) follows.

(b) By Theorem 5.1 (3), we know that the Q-process is strongly ergodic
iff the following equation has a bounded nonnegative solution:

Yoagyi <1, i¢H ) Y gy <o
J

i€H j#i

where H is a nonempty finite subset of Z,. Let H = {0}. For single birth
processes, the last equation is reduced to

Say < -1, i #0, (5.32)
J

since ;4 4o;¥j = do1Y1 < oo
Assume that the single birth process is strongly ergodic. Then there exists
a bounded nonnegative solution (u;) of (5.32), i.e

q; .
Ui?i iuj—i—— 1> 1; uy = 0.
A

Denote by (uf) the minimal nonnegative solution of (5.28). By the compa-
rison theorem below, we have u; > u} for all ¢ > 0. Thus, (u}) is bounded,
and (5.28) has a bounded nonnegative solution. By (a), (5.27) holds.
Conversely, let (5.27) hold. Define (y;) by (5.29). By (a), (y;) is a bounded
nonnegative solution of (5.28). Clearly, (y;) is also a bounded nonnegative
solution of (5.32). This implies strong ergodicity by the criterion quoted

above. O

To conclude this subsection, we introduce some elementary facts, taken
from Z.T. Hou and Q.F. Guo (1978), or Chen (1992a), also needed in Chap-
ter 9, about the theory of the minimal nonnegative solutions for systems of
equations with nonnegative coefficients. All the results below can be easily
proved using induction.

Theorem 5.15 (Existence and uniqueness theorem). Let cij =0, b; >

0. Then there exists a unique minimal solution (z} : i € E) to the equations

T, = Z Cik Tk + b, 1€ FE.

keE
More precisely, define
2 =0, 2"V =N cpaM +bi, i€B n>0
keE

Thenx Tx foralli € E asn — oc.
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Theorem 5.16 (Comparison theorem). Let (z; : i € F) satisfy
€T = Zcikxk—l—bi7 1€ B,
keE

Then x; > x for all i € E.

Theorem 5.17 (Linear combination theorem). Let G be a countable set
and ¢, > 0 for all @ € GG. Denote by (I’:(a) NS E) the minimal solution to

€T; = ZCika‘i’bga), 1€ F.
keE

Then (Zaec corl @ cic E) is the minimal solution to the equations

€T; = Z CikTk + Z Cabga)7 1€ b.
kecE acG
Coupling method
For a general Markov process with transition probability P(t, z,dy) on (E, &)

and having a stationary distribution 7, strong ergodicity means that

sup ||P(t,z,) — 7l|var — 0 as t — oo.
el

Such convergence must be exponential. Indeed, note that for a signed measure
v, we have
[V]lvar = sup [v(f)]-
flfIst

It is easy to check that
1
sup ||P(t + s,z,-) — 7||var < 3 sup ||P(t,x, ) — 7||var - sup || P(s, x, ) — 7||var-
T T T

Hence 1 sup, ||P(t,z,) — 7|lvar must have exponential decay. The various
applications to the convergence rate in the total variation of the coupling
methods is based on the following simple observation. Let (X3, Y;) be a coup-
ling of the Markov processes starting from x and y, respectively, and define
the coupling time as follows:

T =inf{t >0: X, =Y,}.

Then we have

I1P(t2.) = wlivae <2 [ #@n)E vy = 2 [ m(@Br > 1]
E E
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Here we assume that X; = Y; for all ¢ > T'. In particular, by the Chebyshev
inequality, we have

sup | P(t, z,-) — 7||var < supE®Y(T™)/t" and
@ zFyY

sup ||P(t, ) — 7||var < sup]ﬁm’y (eAT)efAt, A>0.
@ zFyY

We have thus obtained some strongly ergodic rates in terms of the coupling
time. Along this line, there are a number of publications. See for instance
Chen (1992a), T. Lindvall (1992) and the references within, or more recent
papers by Y.Z. Wang (1999), Y.H. Mao (2002d; 2002e).

We now study the estimation of the moments of the coupling time [refer
to Chen and S.F. Li (1989, Theorem 5.7) for a refined result].

Theorem 5.18. Let (X;,Y;) be a Markovian coupling with operator L Fe
.@w(L), F >0 and F(xz,x) =0 for all z. Suppose that

LF(z,y) <=1, z#y. (5.33)

Then for every nonnegative ¢ € C[0, 00), we have
~ tAT N tAT
R / o(s)ds < p(0)F(, y) + B / S (s)F(X,,Yo)ds.  (5.34)
0 0
Proof. Let f(t;z,y) = ¢(t)F(z,y). By using the martingale formulation,
t
(6 X0 Y5) = [ (076 X0 Yo) o+ L5 X Y ds
0
is a I@“"y—martingale with respect to the natural flow of o-algebras. Hence
P(0)F(z,y) = (B F(Xinr, Yinr)
tAT
—E™Y / [‘P/(S)F(Xsy Ys) + @(S)LF(XM Ys)] ds
0
_ tAT ~ tAT
> [ PR s+ B [ peds
0 0

by (5.33). This gives us the required assertion. [J
Applying (5.34) to ¢ = 1, we get
E*YT < F(z,y).
Next, applying (5.34) to ¢(t) = t™(m > 1), we get

EZYT™ 1 < (m + 1)|| F|| o E*YT™.
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Hence, we have
BeaTm < ml |FIm-F(z,y) < ml[FIT,  m> 1. (5.35)
Finally, applying (5.34) to ¢(t) = e* (A > 0), we obtain
ATIEY [ AN 1] < F(a,y) + || FllooE2Y [T —1].
Thus,

|Fle 1
A~ [Fle  1-AIF%’

E*verT <1+ 0<A<||Floo <00.  (5.36)

Certainly, one can also deduce (5.36) from (5.35) by Taylor expansion.
For a compact Riemannian manifold, simply take F' = H o p, where p is
the Riemannian distance and

H(r)= /O "C(s)ds / Do(u)du, C(r)=cosh® E\/;ﬂ r e (0,D),

and adopt the coupling by reflection. Then (5.36) holds. This was done by
Y.Z. Wang (1999) and Y.H. Mao (2002d; 2002¢). In the one-dimensional case,
since there is a linear order, one can simply use the classical coupling, which
is order—preserving. Note that T is controlled by the hitting time inf{t > 0 :
Y: = 0}. One can study its moments in the same way as above, replacing the
coupling operator by the marginal one. For birth-death processes, one takes

i—1
1
F, =
=5 biny

oo
M-
k=j

Then (5.36) holds once || F||co = lim; .o F; < co. Equivalently, S < oo, which
is indeed necessary by Theorem 5.14. This was done by Y.H. Mao (2002d).






Chapter 6

Poincaré-Type Inequalities
in Dimension One

This chapter offers a brief and elementary overview of recent progress on
a large class of Poincaré-type inequalities in dimension one. The higher-
dimensional case will be discussed in the next chapter. The explicit criteria
for the inequalities, the variational formulas, and explicit bounds of the cor-
responding constants are presented, first for ordinary Poincaré inequalities
(Section 6.2) and then for Poincaré-type inequalities (Sections 6.3 and 6.4).
As typical applications, the Nash inequalities (Section 6.5) and logarithmic
Sobolev inequalities (Section 6.6) are examined. To illustrate the main ideas,
some short proofs are included. In the last section (Section 6.7), partial proofs
are presented for the main dual variational formulas given in Theorem 6.1,
which is the starting point of this chapter.

6.1 Introduction

First, we explain the problems we are going to study in this chapter.

The one-dimensional case in this chapter means either the second-order el-
liptic operators (one-dimensional diffusions) or the tridiagonal matrices (birth-
death Markov processes). Let us begin with diffusions.

Let L = a(x)d?/dz? 4 b(z)d/dz be an elliptic operator on an interval
(0,D) (D < o0) with Dirichlet boundary at 0 and Neumann boundary at D
when D < oo, where a and b are Borel measurable functions and a is positive
everywhere. Set C(z) = fox b/a. Here and in what follows, the Lebesgue
measure dz is often omitted. Throughout this chapter, assume that

D
= €C a Q. .
Z ._/0 Ja < (6.1)
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Hence, dp := a~'e“dz is a finite measure, which is crucial in the chapter. We
are interested in the first Poincaré inequality

1712 = t/fﬂm<A/‘ﬂQC D(f), feCa0,D], f(0)=0, (6.2)

where Cg is the set of all continuous functions, differentiable almost every-
where and having compact support. When D = oo, one should replace [0, D]
by [0, D), but we will not mention this again in what follows. Next, we are
also interested in the second Poincaré inequality

D
HfﬂﬂW:A (f —w(£)’du <AD(f).  feCa0.D].  (6.3)

where 7(f) = u(f)/Z = [ fdu/Z. To save on notation, we use the same A
(respectively, A,) to denote the optimal constant in (6.2) (respectively, (6.3)).

The aim of the study of these inequalities is to find a criterion under
which (6.2) (respectively, (6.3)) holds, i.e., the optimal constant A < co (re-
spectively, A < o00), and furthermore to estlmate A (respectively, A). The
reason we are restricting our attention to dimension one is that we are look-
ing for some explicit criteria and explicit estimates. Actually, we have dual
variational formulas for the upper and lower bounds of these constants. Gen-
erally speaking, such an explicit story does not exist in the higher-dimensional
situation (see Section 7.1).

Next, replacing the L?-norm on the left-hand sides of (6.2) and (6.3) with

a general norm || - ||p in a suitable normed linear space (the details are given
in Section 6.3), we obtain the following Poincaré-type inequalities
172115 < AMDn f € Caf0. D, f(0) =0, (6.4)
|(f = 7(£)?}y <AsD(f),  f€Cal0, D), (6.5)

for which it is natural to study the same problems as above. The main purpose
of this chapter is to solve these problems. By using this general setup, we are
able to deal with the Nash inequalities (J. Nash, 1958)

If == (I < AnDA)I I (6.6)
in the case of v > 2, and the logarithmic Sobolev inequality (L. Gross, 1976)

Ent ( / f?log (fo)dp\ALSD(f) (6.7)

The remainder of the chapter is organized as follows. In the next section,
we review the criteria for (6.2) and (6.3), the dual variational formulas, and
explicit estimates of A and A. Then, we extend a large part of these results
to normed linear spaces, first for the Dirichlet case and then for the Neumann
one. For a very general setup of normed linear spaces, the resulting conclusions
are still rather satisfactory. Next, we specify the results to Orlicz spaces
and finally apply them to the Nash inequalities and the logarithmic Sobolev
inequality.
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6.2 Ordinary Poincaré inequalities

In this section, we introduce the criteria for (6.2) and (6.3), the dual varia-
tional formulas, and explicit estimates of A and A, which strengthen Theorem
1.5 and the results listed in Section 5.3.

To state the main results, we need some notation. Write z Ay = min{z, y}
and similarly,  V y = max{z, y}. Define

={feCl0,D]NCY(0,D): f(0) =0, f'l(0,p) > 0},
T = {f €Cl0,D]: f(0) =0, there exists zg € (0, D] such that
f=Ff(Nxo), feC(0,x0), and f'[(0.4,) > 0},
7' ={f€Cl0,D]: £(0) =0, flo.0) > 0},
F' = {f € C[0,D]: f(0) =0, there exists z¢ € (0, D] such that
f = £ Ao) and flip,e,) > 0}.
Here the sets .# and .%’ are essential; they are used, respectively, to define
below the operators of single and double integrals, and are used for the upper
bounds. The sets .Z and .Z’ are less essential, being simply modifications of

Z and .F’, respectively, to avoid the problem of integrability, and are used
for the lower bounds. Define

e—C@) D
100 =505 [ Ue/alwan fez ©9)
x D
II(f)(x):ﬁ /0 dye €W / [fe€/a] (u)du, feZ. (6.10)

The next result is taken from Chen (2001b, Theorems 1.1 and 1.2). The
word “dual” below means that the upper and lower bounds are interchange-
able if one exchanges the orders of “sup” and “inf” with a slight modification
of the set .7 (respectively, .#') of test functions.

Theorem 6.1. Let (6.1) hold. Define (z)= [ e~ and B=sup,cq p) ¢(z)

D
X fx <~ Then we have the following assertions:

(1) Explicit criterion. A < oo iff B < 0.
(2) Dual variational formulas.

A< inf  sup II(f = inf sup I(f 6.11
A s (@) = jof sw (/)(=), (6.11)
A> su inf I T) = su inf [T x). 6.12

St HOW =St 10 (612)

The two inequalities all become equalities whenever both a and b are conti-
nuous on [0, D].
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(3) Approzimation procedure and explicit bounds.

(a) Define fi=1/@, fo=fn1I(fn1), and D, =sup,c o p) (fn) (z).
Then D, is decreasing in n and A < D,, < 4B for aII n =

(b) Fix zg € (0, D). Define
A5 =l nmo), R = S A wo) (£ (- A o)),
and C = sup, ¢(o,p) mfze(m [](fnzo)( A z0))(z). Then C, is
increasing inn and A > C,, > B for all n > 1.

We mention that the explicit estimates “B < A < 4B” were obtained
previously in the study of the weighted Hardy inequality by B. Muckenhoupt
(1972). A short proof of “A < 4B” was presented in Section 5.3. The proof
of “A > B” is also easy. Indeed, fix z € (0, D) and take

fw=nt)= [ 0as, ye0.D)
Then f'(y) = e “® if y < x and f'(y) =0 if y € (x, D). Furthermore,
112 = [ FwPatas) + f(@ala, D
D(f) = / e~20W LWy 7 = f(2)/2,

0
where 7[p,q] = f; dr and Z = u0, D]. Hence

A= |fI/D(f) / f(w)*n(dy) + Zf(z)xlx, D] > f(x)ule, D).

Taking the supremum with respect to z, it follows that A > B

The proofs of parts (2) and (3) of Theorem 6.1 are more technical; see
Section 6.7 for details.

We now turn to study A, for which it is necessary to assume that

D s
/ eiC(s)ds/ a(u) e du = oo, (6.13)
0

0

since we are working in the ergodic situation.

Theorem 6.2. Let (6.1) and (6.13) hold and set f = f — 7(f). Then we have
the following assertions:

(1) Ezplicit criterion. A < oo iff B < oo, where B is given by Theorem 6.1.
(2) Dual variational formulas.

su inf I(f)(z) <A< inf sup I(f)(z). 6.14
M@ SA< ol s D@ (610

The two inequalities all become equalities whenever both a and b are conti-
nuous on [0, DJ.
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(3) Approzimation procedure and explicit bounds.

(a) Define fi=1/@, fn="Fo 1l (fn-1), and Dyp=sup,¢(o,py I (fn) (2).
Then A< D, <4Bforalln>1.

(b) Fix 29 € (0, D). Define
A7 =g Aao),  FA) = BV A @) (Fi200(- A o)),
and C,, = SUP,_ ¢ (0,0) inf,e(0,p) H(ﬁ(f(’)(- A a:o)) (z). Then A > C,,
for all n > 2. By convention, 1/0 = oo.

Part (1) of the theorem is taken from Chen (2000c, Theorem 3.7). The
upper bound in (6.14) is due to Chen and F.Y. Wang (1997b). The other
parts are taken from Chen (2001b, Theorems 1.3 and 1.4).

Finally, we consider inequality (6.3) on a general interval (p, q) (—oo < p <
q < 00). When p (respectively, ¢) is finite, at which the Neumann boundary
condition is endowed, we adopt a splitting technique. The intuitive idea goes
as follows. Since the eigenfunction corresponding to A, if it exists, must change
sign, it should vanish somewhere in the present continuous situation, say at 6.
Thus, it is natural to divide the interval (p, ¢) into two parts: (p,0) and (6, q).
Then, one compares A with the optimal constants in the inequality (6.2),
denoted by A1g and Asp, respectively, on (6, ¢) and (p, ) having a common
Dirichlet boundary at 0. Actually, we do not care about the existence of the
vanishing point 6. Such a 6 is unknown, even if it exists. In practice, we
regard 0 as a reference point and then apply an optimization procedure with
respect to 6. We now redefine C(z) = [; b/a. Again, since we are in the
ergodic situation, we assume the following (nonexplosive) conditions:

q 6
Z10 ::/ ec/a<oo, Zog ::/ ec/a<oo,
0 P

% 0
/ e_c(s)ds/ ¢C/a=ocoifp=—oc0, and (6.15)
P S

q s
/ eiC(S)ds/ e“/a = 0 if ¢ = o0,
0 0

for some (equivalently, all) 6 € (p,q). Corresponding to the intervals (6, q)
and (p,0), respectively, we have constants B1p and Bag, given by Theorem
6.1.

Theorem 6.3. Let (6.15) hold. Then we have the following:

(1) supge(pq) (Ao A Azg) < A < infoe(pq) (Ao V Agp).
(2) Let 6 be the median of y; then (A1 V Agg)/2 < A< Ayg V Agg.

In particular, A < oo iff Big V Bay < 0.
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Comparing the variational formulas (6.11), (6.12), and (6.14) with the
classical variational formulas
Mo =inf {D(f): f€C"(0,D)NC[0,D], f(0) =0,7(f*) =1},
A =inf{D(f): fe€C"0,D)NC[0,D],x(f) =0,x(f*) =1},
one sees that there are no common points. This explains why the new formulas
(6.12) and (6.14) have not appeared before. The key here is the discovery of
the formulas rather than their proofs, which are usually not hard, due to the

advantage of dimension one. As an illustration, here we present a part of the
proofs.

Proof of the upper bound in (6.14)

Originally, the assertion was proved in Chen and F.Y. Wang (1997b) using
coupling methods. Here we adopt the analytic proof given in Chen (1999a).
The discrete analogue was presented in Section 3.2.

Let g € C[0,D] N C'(0,D), 7(g) = 0, and 7(g?) = 1. Then, for every
f € .F with w(f) > 0, we have

-1 / w(dz)m(dy)[g(y) — g(@)]?

:/{xg} m(dx)m (dy)(/j %/(fl)(u)m&2

g/{x rdo dy/-f’ [ 10

by the Cauchy—Schwarz inequality)

Y e —C(u)
r(dz)m(dy) / ¢ (u)2eC®

/{;cgy} z f/( )
D
J

dulf(y) — f(z)]

/ 2 Ze —O) ¢ P
= | atwg Pnan 2o / r(d) / w(dy) [f() - f(2)]
Ze—Cu) ru D
<D(9)u€8(1(1)pD) o m(d y) — f(z)]
<Dlg) swp I(f)(a) (81nce7r(f) 0).

z€(0,D)
Thus, D(g) ™" < sup,eo.py L(f)(z), and so

A= sup D(g)~' < sup I(f)(x).
g: m(g)=0, m(g?)=1 z€(0,D)

This gives us the required assertion:

A< inf sup I(f)(x).
T€Z 2e(0,D)
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The proof that equality holds for continuous a and b needs more work, since
it requires some more precise properties of the corresponding eigenfunctions,
as shown in Sections 3.7 and 3.8 for the discrete case. [

6.3 Extension: normed linear spaces

Beginning in this section, we introduce recent results obtained in Chen (2002a;
2003a). We will not quote these papers time by time subsequently.

In this section, we study the Poincaré-type inequality (6.4). Clearly, the
normed linear spaces used here cannot be completely arbitrary, since we are
dealing with a topic of hard mathematics. From now on, let (B, || - ||g, 1) be
a normed linear space of functions f : [0,D] — R satisfying the following
conditions:

(1) 1eB;
(2) Bisideal: if h € B and |f| < |k, then f € B;

b 6.16
(3) IIflls = sup / flgdu, (6.16)
ge¥’ Jo

(4) ¢ > go with inf gy > 0,

where ¢ is a fixed set, to be specified case by case later, of nonnegative
functions on [0, D]. The first two conditions mean that B is rich enough, and
the last one means that ¢ is not trivial: it contains at least one strictly positive
function. The third condition is essential in this chapter, which means that the
norm || - ||g has a “dual” representation. A typical example of such a normed
linear space is B = L"(u); then ¢ = the unit ball in L’} (1), 1/r 4+ 1/r" = 1.

The optimal constant Ap in (6.4) can be expressed as a variational formula
as follows:

172
D(f)

Clearly, this formula is powerful mainly for the lower bounds of Ag. However,
the upper bounds are more useful in practice but much harder to handle.
Fortunately, we have quite complete results.

Define ¢(z) = [ e~ as before and let

A]B;sup{ . f € C4l0, D], £(0) =0, 0 < D(f) <oo}. (6.17)

)

oz A )25
B — Iep)ls:  C= o)
B IES(%PD)‘P(@H @0z ¥ zes(l(l)]?D) p(z)

D = sup —H\/Ew(m .)2HB.
2€(0,D) V()

Theorem 6.4. Let (6.1) and (6.16) hold. Then we have the following asser-

(6.18)

>

tions:
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(1) Eaplicit criterion. Ag < oo iff By < o0.
(2) Variational formulas for the upper bounds.

Ap< inf sup  f(z) 7| fe(z A,

feF" ze(0,D)
e—C(2) (6.19)
< inf  sup | f1(z,0)llB-
fE€ZF ze(0,D) f'( )

(3) Approzimation procedure and explicit bounds. Let Bp < oco. Define

fo=v@, fa(@) = | fam19(z A )6, and Dg(n) = SUPze(0,D) fn/ fn—1 for
n > 1. Then Dg(n) is decreasing in n and

B < Cp < Ap < Dg(n) < Dp < 4Bg (6.20)

foralln > 1.

We are now going to sketch the proof of the second variational formula in
(6.19), from which the explicit upper bound Ag < 4Bp follows immediately, as
we did at the end of the last section. The explicit estimates “Bp < Ap < 4Bp”
were previously obtained in S.G. Bobkov and F. Gotze (1999b) in terms of
the weighted Hardy inequality [cf. B. Muckenhoupt (1972), i.e., Theorem 5.9].
The lower bounds follows easily from (6.17).

Sketch of the proof of the second variational formula in
(6.19)

The starting point is the variational formula for A (cf. (6.11)):

—C(x) fe —C(J:)
A< inf  sup / i sup / fdu.

FEF yeo,p) f'(w fG?xe(o Dy f'(z)

Fix g > 0 and introduce a transform
b—1b/g, a—a/g>0, (6.21)

under which C(x) is transformed into
“b/g
Cy(x :/ — =C(x).
o) = [ 22 =)

This means that the function C' is invariant with respect to the transform,
and so is the Dirichlet form D(f). The left-hand side of (6.2) is changed into

/OD fge Ja = /OD Fgdp.
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At the same time, the constant A is changed into

7C(a:
A, < inf  sup / fodp.
7 fega:E(OD fl(x> T

Taking the supremum with respect to g € ¢, the left-hand side becomes

D
Sup/ Fodp =%
ge¥ Jo
and the constant becomes

7C(a:
Ap = sup A, sup mf sup / fodp
—C

e Sup/ [z, p)gdp.

C(x)
mf sup sup e / fogdu = mf sup

—C(=
L [

We are done! Of course, more details are required for completing the proof.
For instance, one may use g+ 1/n instead of g to avoid the condition “g > 07
and then pass to the limit. [0

The lucky point in the proof is that “sup inf < inf sup,” which goes in the
correct direction. However, we do not know at the moment how to generalize
the dual variational formula for lower bounds given in (6.12) to general normed
linear spaces, since the same procedure goes in the opposite direction.

6.4 Neumann case: Orlicz spaces

In the Neumann case, the boundary condition becomes f/(0) = 0, rather than
f(0) = 0. Then X\ = 0 is trivial. Hence, we study A; (called the spectral
gap of L), that is, the inequality (6.3). We now consider its generalization
(6.5). Naturally, one may play the same game as in the last section extending
(6.14) to normed linear spaces. However, it does not work this time. Note
that on the left-hand side of (6.5), the term 7(f) is not invariant under the
transform (6.21). Moreover, since W(f) = 0, it is easy to check that for each
fixed f € #, I(f)(x) is positive for all z € (0, D). But this property is no
longer true when dy is replaced by gdu. Our goal is to adopt the splitting
technique explained in Section 6.2.

Let 6 € (p,q) be a reference point and let AX? B CE D (k = 1,2)
be the constants defined in (6.17) and (6.18) corresponding to the intervals
(0,q) and (p, 0), respectively. By Theorem 6.4, we have

"< OF <A <DF <4BY,  k=1,2.



122 6 Poincaré-Type Inequalities in Dimension One

Theorem 6.5. Let (6.15) and (6.16) hold. Then we have the following asser-

tions:

(1) Ewplicit criterion. Ap < oo iff B v B < oo.
(2) Ezplicit estimates.

max {% (AL A A2, Ko(AY v AY)} < s < A v A,

where Ky is a constant.

We may now consider briefly the discrete case, i.e., the birth—death pro-
cesses. Let b; (i = 0) be the birth rates and a; (¢ > 1) the death rates of a
birth—death process. Define

-1 :M Z:i o= Hn oS
/1/0 ) Hn ay---an, ) n:O,uTH n Z7 = L.

Consider a normed linear space (B, ||-||s, ) of functions E := {0,1,2,...} = R
satisfying (6.16). Define

i

1 .
i = Z 10’ P21 Bg = i;lf@i”f{i,i-i-l,...}n]g-

j=1
Clearly, the inequalities (6.4) and (6.5) are meaningful with a slight modifi-

cation.

Theorem 6.6. Consider birth—death processes with state space E. Assume
that Z < .

(1) Eaxplicit criterion for (6.4). Ap < oo iff By < oc.
(2) Ezplicit bounds for Ag. Bp < Ap < 4Bg.
(3) Euaplicit criterion for (6.5). Let the birth—death process be nonexplosive:

> 1b' > py=o0. (6.22)

im0 Mi% 55

Then Ap < oo iff Bp < .

(4) Ezplicit estimates for Ag: Let By = {1,2,...} and let ¢; and ¢, be two
constants such that |7(f)| < ¢||flls and |7(fIg,)| < ¢l fIg,|B for all
f €B. Then

s > max {15, (1 Ja - moltls) s, o)

2
Ap < (1+/eillllz ) 4s.
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Similarly, one can handle the birth—death processes on Z.
An interesting point here is that the first lower bound in (6.23) is mean-
ingful only in the discrete situation.

Orlicz spaces. The results obtained so far can be specialized to Orlicz spaces.
This is, as far as we know, the only way to deduce the criteria for the Nash and
logarithmic Sobolev inequalities, given in the next two sections, respectively.
The idea also goes back to S.G. Bobkov and F. Gétze (1999b). A function ®:
R — R is called an N-function if it is nonnegative, continuous, convex, even
(i.e., @(—x) = ®(x)), and satisfies the following conditions:

O(z)=0 iff z=0, hH}) O(z)/z =0, lim ®(x)/z = 0.

In what follows, we assume the following growth condition (or As-condition)
for ®:

sup ®(2z)/®(x) < 00 (<:> sup z®’_(z)/®(z) < oo)7
o1 1

where @ is the left derivative of ®. Corresponding to each N-function, we
have a complementary N-function:

Dc(y) :=sup{aly| = ®(x) : 2 20}, yeR

Alternatively, let . be the inverse function of @’ ; then ®.( f Iyl
M.M. Rao and Z.D. Ren (1991)].

Given an N-function and a finite measure p on E := (p,q) C R, define an
Orlicz space as follows:

L‘D(u){f(EHR):/E@(f)du@o} ||f||<1>fsup/|f\gdu7 (6.24)

where ¥ = {g >0 : fE D.(g9)dp < 1}7 which is the set of nonnegative

functions in the unit ball of L®<(u). Under the Ag-condition, (L (u), || ||e, i)
is a Banach space. For this, the As-condition is indeed necessary. Clearly,
L®(u) 3 1 and is ideal. Obviously, (L®(u), || - ||o, ) satisfies condition (6.16),
and so we have the following result.

Corollary 6.7. For any N-function ® satisfying the growth condition, if (6.1)
(respectively, (6.15)) holds, then Theorem 6.4 (respectively, 6.5) holds for the
Orlicz space (L2 (1), || - ||, 1)-

6.5 Nash inequality and Sobolev-type
inequality
It is known that when v > 2, the Nash inequality (6.6)

If = 7(HIFHY < AnD(F)| £



124 6 Poincaré-Type Inequalities in Dimension One

is equivalent to the Sobolev-type inequality

||f _7T )Hu/ (v—2) X ASD(f)7
where || - || is the L"(p)-norm. Refer to D. Bakry et al. (1995), E.A. Carlen
et al. (1987), and N. Varopoulos (1985). This leads to the use of the Orlicz
space L®(u) with ®(z) = |z|"/r, r = v/(v — 2):
1(f =7 ()]lo < AD(S)- (6.25)

The results in this section were obtained in Y.H. Mao (2002b), based on the
weighted Hardy inequalities (Theorem 5.9).
Define C(z) = [, b/a, p(m,n) = [ e /a and

o' () =/ e ¢  BY= Sugww(w) p(z, q) =2/,
0 x>

0
o () = / O B = sup @) ulp.a)
x <

Here B* (k = 1,2) is specified from By given in (6.18) with B = L®((0, q), ;1)
or B=L*((p, ) w), since || - lo = ()| - |lr, 1/r+ 1/ = 1.
Theorem 6.8. Let (6.15) hold and assume v > 2.

(1) Eaxplicit criterion. The Nash inequality (equivalently, (6.25)) holds on
(p,q) iff BYY v B2 < .
(2) Ezplicit bounds.

B 1 Z1o N Zap 1/241/v2
A, > max{ = (BY A B2, {1 <17> BY v B2) |,
X{Q( v . Z1o + Zap (B .

A, <4(BY v BY). (6.26)
In particular, if 6 is the median of p, then

[1—(1/2)Y/2+1/]* (Bl v B2) < A, < 4(BY v BY).

We now consider birth—death processes with state space {0,1,2,...}. De-

fine
1 0o (v=2)/v
pi=> iz Bu:SUPQOi<ZMj) :
Pl i>1 o

Theorem 6.9. For birth—death processes, let (6.22) hold and assume that

%

Z < 00. Then we have

9 2/v 7.1 1/24+1/v72 B
max { (W) 5 |:1— (7) :| }BV < AV < ].GBV (627)

Hence, when v > 2, the Nash inequality holds iff B, < cc.
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6.6 Logarithmic Sobolev inequality
The starting point of our study is the following observation.

Lemma 6.10. Let <I>( ) = |z[log(1+|z|), L(f) = sup,cp Ent ((f +¢)?), and
Ent(f fRflog sdp, f = 0. Then we have

2N w0l <20 < GG -7y 629)

The proof of Lemma 6.10 is given at the end of this section.

The observation (Lemma 6.10) leads to the use of the Orlicz space B =
L®(p) with ®(x) = |z|log(1 + |x|). The results in this section were obtained
by S.G. Bobkov and F. Gétze (1999b), and Y.H. Mao (2002a), based again on
the weighted Hardy inequalities (Theorem 5.9). Refer also to L. Miclo (1999b)
for a related study, and F. Barthe and C. Roberto (2003) for a refinement.

Define

cwy= 2 wtmw = [ a

a m
T 0
M= [l = [ el
p . (6.29)
2 1+v1+4
M(z) = x| ———F———== +log 1+u ;
1+1+4z 2z
BY = sup ¢"(@)M(u(6,2),  BY = sup ¢ (x)M(u(x,0)).
z€(0,9) z€(p,0)

Again, here BY (k = 1,2) is specified from Bp given in (6.18).

Theorem 6.11. Let (6.15) hold.
(1) Eaxplicit criterion. The logarithmic Sobolev inequality on (p,q) C R holds

iff
1 x
sup p(z,q)log —/ e ¢ < o0 and
z€(0,q) H(Iv Q)
e (6.30)
sup p(p,x) log—/ e ¢ <0
z€(p,0) H(pa I) T
hold for some (equivalently, all) 6 € (p, q).
(2) Eazplicit bounds. Let § be the root of BYY = B2?, 6 € [p,q]. Then we have
_ 5 _
5331,9 < Aps < EB}IP. (6.31)
By a translation if necessary, assume that 8 = 0 is the median of . Then
we have
V2 1) 51
W2 v p) < A< DB v BY). 6
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We now consider birth—death processes with state space {0,1,2,...}. De-

fine _
1
i = 31217 B<I>:SUP ’LM ’Z:,OO )
oi= e sup i (yfi, °0))

j=1
where pfi,00) =3~ p; and M (x) is defined in (6.29).

Theorem 6.12. For birth—death processes, let (6.22) hold and assume that
Z < o0o. Then we have

2 VAZ+1-1 Z0 (27 )\
Aps > gmax{f; (1 - W) }B¢>7

1x4
ALS<5 -

BCI>7

where Z1 = Z —1 and ¥~ ! is the inverse function of U: ¥(z) = 2% log(1 + 2?).
In particular, Aps < oo iff

1
sup ; i, 00) log ——— < o0.
i>1 pli, 00)

Proof of Lemma 6.10. We follow the proof given in S.G. Bobkov and F.
Gotze (1999b), and Chen (2001b).

Without loss of generality, we may replace p with 7 in definitions of Z(f),
Ent(f), and || - ||¢. In other words, we may assume that p = 7.

For convenience, we adopt a more practical but equivalent norm as follows:

||f||(¢):inf{a>0:/ @(f/a)dugl}. (6.33)
E
The comparison of these two norms is as follows:

Ifll@) < Iflle <20 fll@) (6.34)

[cf. M.M. Rao and Z.D. Ren (1991, Section 3.3, Proposition 4)]. Because
||f2H(q>) = ||fII?y): it suffices to prove that

e =7y, <20 < 2517~ =) (6.35)
Let || f|l(w) = 1 and 7(f) = 0. By Lemma 4.14, we have
Z(f) < Ent(f?) + 2n(£?). (6.36)

Express the right-hand side as

/f2(5 log £2)dr + () [2 - 6 — log m(f2)]
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for some & € [0,2]. Note that 2(2 — 6 — logz) < €'~ for all x > 0. Let c(6)
be the bound such that § + logz < ¢(d)log(1 + z) for all x > 0. By solving
this inequality, it follows that the smallest ¢(d) should satisfy the equation

cloge— (¢ —1)log(c—1) =4, c>1.
Then we have

ZL(f) < cd) / fPlog (1+ f2)dm + €' 7% < c(0) + e 7.

Minimizing the right-hand side in § under the above constraint, we obtain
§ ~ 1.02118, ¢(d) ~ 1.56271. Then c(8) + ' =% < 2.542 < 2.55 = 51/20, and
the required upper bound follows.

For the lower bound, let 7(f) =0 and .Z(f) = 2. Because

Z(f),

N —

m(f?) —7w(f)* = % lim Ent ((f +a)®) <

la]—o0
we get 7r(f2) < 1. Hence 7r(f2) 10g7r(f2) < 0, and moreover,
m(f?log(f?)) =Ent(f*)+n(f?) logm(f?) <Ent (f*)<.Z(f)=2. (6.37)
The idea is to find the smallest constant § ~ 0.4408 such that
zlog (1+z/(2+6)) <é+zlogx

for all z > 0. Then
/(fQ/(Q—l—(S))log (1—|—f2/(2—|—5))d7r < <6+/f210gf2d77>/(2+5) <1,

by (6.37). Thus, ||f/v2+d|/(w) < 1, and so ||f||%\1,) <240<5Z(f)/4. O

6.7 Partial proofs of Theorem 6.1

In this section, we prove Theorem 6.1 except for the conclusion that equality
in (6.11) and (6.12) holds for continuous coefficients a and b. The proof of the
last assertion requires some finer properties of the eigenfunction in the weak
sense, as seen from Sections 3.7 and 3.8 in the discrete case.

Proof of (6.11)

(a) First we prove that A <inf ez sup,e (o, py H(f)(x). Given h with k| p)
> 0, for every g: g(0) = 0, ||g|]| = 1, by the Cauchy—Schwarz inequality, we
have
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1:/ODg(x)27T(da:) :/OD w(dx)“ozg'(u)dur

1 D Cy) Y
< D(g) sup —/ —dy/ he=¢
( )ze(o,D) h(z) J, aly) 0
=:D(g) sup H(x).
z€(0,D)
Now, let f € .F' satisty sup,¢(o,p) H(f)(x) < co. Take h(z) = fa,D fa=teC.
By the mean value theorem, we get

C x
sup H(z) < sup [e—,(x)] / he=C = sup II(f)(z). (6.39)
2€(0,D) ze(0,0) L ah 0 2€(0,D)

Because g is arbitrary, by (6.38) and (6.39), we obtain the required assertion.
When D = oo, there is a problem about the integrability of h. To avoid this,
replacing D with finite M in the definitions of h and H, the above proof is
still valid. Then the conclusion follows by letting M T oco.

(b) Next, we prove that

inf  sup II(f)(z)= inf sup I(f)(x).
Fe€F" 4e(0,D) (@) T€Z ze(0,D) (@)

Given f € #, without loss of generality, assume that sup,¢ o, p) I(f)(z) < oo.
By the mean value theorem, sup ¢ py I (f)(%) < sup,e,py I(f)(x). But
F' D F, s0

inf sup II(f)(z) < inf sup I(f)(z).

f€F" 2¢(0,D) FEZ 2e(0,D)
Conversely, for a given f € F' with sup,¢ o py I (f)(z) < o0, let g = fII(f).
Then g € %#. By using the mean value theorem again, we obtain

D —1 D
= ailec ailec su xr)= su x).
I(g)(w)[ [ } [ < s /@)= s H0)E)

When D = oo, there is again a problem about the integrability of g, which
can be solved by using the method mentioned in the last paragraph. Hence

sup I(f)(z) = sup I(g)(x) > inf sup I(f)(x).
2€(0,D) 2€(0,D) FEF ze(0,D)

Taking the supremum with respect to f € .%’, it follows that

inf  sup II(f)(z) > inf sup I(f)(z).
o, s (f)(z) > Inf Jup (f)(x)
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An alternative proof of this inequality can be obtained by using the identity

(e = ’) = —fe/a. (6.40)

We have thus proved the required assertion.
Combining (a) with (b), we get (6.11). O

Proof of (6.12)

) For sup . z, inf,c(o,py II(f)(x) = Sup ;. 5 infue(0,p) I(f)(z), the proof is
a dual of tlfle above one, exchanging supremum and infimum, inverting the
order of the inequalities, and redefining g = [fII(f)](- A zo).

(b) Let f € T’ satisfy f = f(- ANwo) and ¢ := sup,¢ (o, p) o(f)(x)™! < o0
and let go = [fII(f)](- Axg). Then go is bounded and (6.40) holds on (0, ).
By the integration by parts formula, we get

D 9 Lo /
/ 9% e = [909660](3?0—) —/ 90 (6096)
0 0
zo D
:/ gofec/a+go($0)/ fe/a
0 )

D D
- / gofeCja < / (@2<C/a) sup f/go
0 0

z€(0,D)
D
= c/ gae /a.
0

Hence A > ¢!, and furthermore, A > Sup ¢ 5 infoe(o,p) I(f)(2).
Combining (a) with (b), we get (6.12). O

Proof of part (3) of Theorem 6.1

First, we consider the case (a). Condition B < oo implies that

/OD V5 a < \/E/OD (/D ec/a>1/2ec/a 2VBZ < co.

Hence fi = /¢ € L'(m) [these two conditions are needed for the initial func-
tion fi. In practice, one can certainly choose some more convenient functions.
Assume that f,—1 € L'(7). Then

x D
Ful) = for @) (for)(z) = / dye—CW) / fur6C/a

x
< Z||fn_1||1/ e=C < oo,
0



130 6 Poincaré-Type Inequalities in Dimension One

By induction, it follows that f,, € L!(n) for all n. Furthermore, since f,, € %/,
by (6.11),

A< inf sup HI(f)(z) < sup I(fn)(z)= D,.
feF" ze(0,D) x€(0,D)

Then by the mean value theorem and the proof of the upper bound given in
Section 5.3, we get D7 < 4B. On the other hand, by the definition of f,, and
(6.40), we have

(—ef)) =a e fur > a  feC DL (6.41)

That is, f,e®/a < Dn,l( - ecffl)/. Hence

D
fas1(2) < Doy / ~C)gy / (W)du = Dy_1fala).  (6.42)
<

From this, one deduces that D,, < D,,_1.
We now consider the case (b). By the identity

FI(f))(x) = / Fol- Az)eC Ja = /Oxfsoec/aw(x) | 1

we get
D
2(%)(37 Nxo) = @(x A xo)tp(xo)/ e /a,
Lo
and so
D -1
sup | fxg)/fz(%)}(x/\xo) = sup I:fl(mO)/fg(mO)}(.’I}) < |:Lp(x0)/ ec/a] )
1E(O,D) -'/UE(O,QCO) ,

This implies that C; > B. Here, the reason one needs the local procedure
“stopping at zo” is the possibility of ¢ ¢ L!(7), which then implies that
D(p) = oo.

Finally, we prove the monotonicity of the C,. Applying the mean value
theorem twice, we obtain

sup [ (o /fn%)](x/\xo)
z€(0,D)

= sup [ %)/ (mo}()\ sup [(mo /fn ]()

z€(0,z) z€(0,z)

< sup / Ji (- o) Cl// 7 Aag)eCa!
z€(0,2)

< sup [ (%)/f(%)} (1,/\1,0).
z€(0,D)

This implies that C,, > C,,—1. The inequality A > C,, > B comes from (6.12).
O



Chapter 7

Functional Inequalities

This chapter deals with some stronger and weaker inequalities than the Poin-
caré one, called functional inequalities for simplicity. Equivalently, we are
studying some stronger and weaker types of convergence than the exponential
one. Correspondingly, this chapter is divided into two parts.

In the first part, we discuss some types of stronger convergence. We show
how to go to normed linear (Orlicz) spaces, starting from Hilbert space (L2-
space), in the higher—dimensional situation. This part is an extension of the
main results obtained in the last chapter. There are three sections. In Section
7.1, we state the results. Their proofs are sketched in Section 7.2. In Section
7.3, we compare the capacitary method used here with Cheeger’s method.

In the second part, we discuss some weaker (slower) types of convergence.
There are four sections. In Section 7.4, we examine the general convergence
speed, and then two functional inequalities are introduced in Section 7.5. In
Section 7.6, we discuss algebraic convergence. The general (irreversible) case
is discussed in the last section, Section 7.7.

7.1 Statement of results

Let F be a locally compact separable metric space with Borel o-algebra &, u
an everywhere dense Radon measure on F, and (D, (D)) a regular Dirichlet
form on L?(u) = L?(E;p). Regularity means that 2(D) N Cy(E) is dense
with respect to the norm /D(f) + || f]|?, where Cy(E) is the set of continu-
ous functions with compact support. The starting point of our study is the
following result, which is a copy of Theorem 4.8.

Theorem 7.1. For a regular transient Dirichlet form (D, 2(D)), the optimal
constant A in the Poincaré inequality

172 = /E Fdu< AD(f), | € 2(D)nCo(E), (7.1)
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satisfies B < A < 4B, where
1K)

B= sup ——=.
compact K Cap(K>

(7.2)

The transiency here has the usual probabilistic meaning. Recall that
Cap(K):inf{D(f):fe@( YNCo(E), flxk = }

Certainly, in (7.1), one may replace “2(D) N Co(E)” by “P(D)” or by the
extended Dirichlet space “Z,(D),” which is the set of &-measurable functions
f:

|f] < 0o, p-a.e., there exists a sequence {f,} C 2(D) such that

D(fn — fm) — 0as n,m — oo, and lim f, = f, p-a.e.

Refer to the standard books by M. Fukushima, Y. Oshima, and M. Takeda
(1994), and by Z.M. Ma and M. Roéckner (1992) for some preliminary facts
about the theory of Dirichlet forms.

As mentioned in Chapter 5, the proof of inequality (7.1) on the half-line
(E = R;) was begun by G.H. Hardy in 1920 and completed by B. Mucken-
houpt in 1972 [see also B. Opic and A. Kufner (1990)] with explicitly isoperi-
metric constant B.

The first goal of this chapter is extending (7.1) to the Poincaré-type ine-
quality

/2]y < AsD(f).  f e 2(D)nCo(E), (7:3)
for a class of normed linear spaces (B, || - ||, pt) of real functions on E. To do
so, we need the following assumptions on (B, || - ||s, p):

(H1) Transient case: Ix € B for all compact K. Ergodic case: 1 € B.
(H2) If h€B and |f| < h, then f € B.
(H3) [1flls = supgeq [z | Flgdp,

where ¢, to be specified case by case, is a class of nonnegative &-measurable
functions. Unless otherwise stated, these assumptions will be used throughout
this and the next sections. Note that part (4) of condition (6.16) is ignored
here.

We can now state our first result as follows.

Theorem 7.2. For a regular transient Dirichlet form (D, 2(D)), the optimal
constant Ag in (7.3) satisfies

Bp < Ap < 4Bg, (7.4)
where the isoperimetric constant Bp is given by

1k |
By = su —_—. 7.5
i compalzt K Cap(K) ( )
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Next, we go to the ergodic case. Assume that p(F) < oo and set 7 =
p/u(E). Throughout this chapter, we use a simplified notation: f = f —(f),
where 7(f) = [ fdr. We adopt a splitting technique. Let E; C E be open
with w(Fy) € (0,1) and write E; = E{ \ OF).

The restriction of B to E; gives us (B, || - ||gi, 1°):

B =

I flls: = sup/ | flgdp' = sup/ |flgdp, i=1,2.
Ei gGg Ei

geY?

Correspondingly, we have a restricted Dirichlet form (D, %;) on L?(E;, u'),
where 2; = {f € 2(D) : the quasi-version of f equals 0 on Ef, q.e.}. The
corresponding constants given by Theorem 7.2 are denoted by Ap: and Bp:
(i = 1,2), respectively.

Denote by ¢; a constant such that

Im(Hl <elfle,  feB. (7.6)

For each G C E, denote by ¢,(G) a constant such that

m(flo)l < (@I flels,  feB. (7.7)

Theorem 7.3. Let (D, Z(D)) be a regular irreducible Dirichlet form. Assume
that :U/(E) < o0 and SUDopen Ey: w(E1)€(0,1/2] 02(E1)7T(E1)||1||]B < 1. Then the
optimal constant Ag in the Poincaré-type inequality

[f2]lz < AeD(f).  f e 2(D)NCo(E), (7.8)
satisfies
A >k sup Apt > K sup Bgi, (7.9)
open Ei: w(E1)€(0,1/2] open Ei: m(F1)€(0,1/2]
A<k sup Apr <4k sup Bpa, (7.10)
open Ei: w(E1)€(0,1/2] open E;: w(E1)€(0,1/2]

2 _
where £ = (1 — SUPqpen E: m(E1)€(0,1/2] \/CQ(El)W(El)”l”]B) and Kk = (1 +

NANDE

For the logarithmic Sobolev inequality,

/Ef%g [2/n(fD)]du < AsD(f),  feD(D)NCo(E),  (T.11)

the next theorem is a generalization of the one-dimensional result given in

Barthe F. and Roberto, C. (2003).
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Theorem 7.4. Let (D, %2(D)) be a regular irreducible Dirichlet form. Assume
that u(E) < co. Then the optimal Ars in (7.11) satisfies

Brs(e?)/4 < Brs(1/2) < Ars < 4 Brg(e?), (7.12)
where
1(K) gl
Brs(v) = sup —————log (1 + —) (7.13)
o open O : ©(0) € (0,1/2] Cap(K) m(K)

compact K C O

In particular, for one-dimensional diffusions, the assertion holds with Brg(y) =
By (y) V B_(y), where

B.(7) = sup plz, 0) log (1 +— )/I e C (7.14)

x>m W[I7OO) m

B_(7) = sup pu(—o00,z]log (1 + ﬁ) /xme—c (7.15)

rm o0, T

and m is the median of 7.

The results stated in this section are mainly taken from Chen (2002d).

Computation of the isoperimetric constant in dimension
one

It is known that in general, the optimal constant Ap is not explicitly com-
putable even in dimension one. However, the next results show that the
isoperimetric constant By in dimension one is computable and coincides with
those given in Chapter 6. Here we consider the ergodic case only. Then Ag
is controlled by Bg in view of Theorem 7.3 and Theorem 6.6 (3).

Corollary 7.5. Consider an ergodic birth—death process with birth rates b; (i >
0) and death rates a; (i > 1). Define (u,) as before. Then the isoperimetric
constant Bp with Dirichlet boundary at 0 can be expressed as follows:

n—1 1
By = sup || 1,00V ||B _—
n>1|| fr.00) ;Nibi

Proof. (a) We show that in the definition of Cap(K), one can replace “f|x >
17 by “f|x = 1.7

Because 1 € 2(D), we have f A1l € 2(D)NCy(E) if so is f. Then the
assertion follows from D(f) > D(f A 1).

(b) Next, let K; (i = 1,2,...,k) be disjoint intervals with natural order.
Set K = [min K1, max K}], where min K = min{i : ¢ € K} and max K =
max{i: ¢ € K}. We show that

11k Ik 445 |l
Cap(K) = Cap(Ki +---+ Ky)
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In other words, the ratio for a disconnected compact set is less than or equal
to that of the corresponding connected one. For f with f|x,+...+x, = 1, the
restriction of f on the intervals [max K;, min K; 1] may not be a constant.
Thus, if we define f = f on K¢ and flx =1, then D(f) D(f), due to the
character of birth-death processes. This means that Cap(K) < Cap(K; +

-+ Kj). In fact, equality holds, because for f with f|x = 1, we must
have f|x,+..+k, = 1, and so the inverse inequality is trivial. Since K D
K1+ -+ Kj, and (H3), we have ||[Ix||s = || Ix,+-+k,|lB- This proves the
required assertion.

(c) Because of (b), to compute the isoperimetric constant, it suffices to
consider the compact sets having the form K = {n,n+1,...,m} for m >
n > 1. We now fix such a compact set K and compute Cap(K).

Given f with f|x =1 and supp(f) = {1,..., N}, N > m, we have

n—1 N
= Z pibi(fiy1 — fi)Q + pabi(fir — fi)Qa (7.16)
i—=0 1=m
where fo =0 and fyi+1 = 0. Then
oD
7 = 2050 (fit1 — f5) + 2p5-1b5-1(f; — fi-1)
of;

= —2/Jjbj’l)j —|—2,u]‘_1bj_1’0j_1, 1<j<n—-1or m+1<j<N,

where v; = fi11 — fi. The condition 0D/0f; = 0 gives us

i—1b;—
szi'ujljlvj_h 1<j<n—1or m+1<j<N.
1150;
Hence
b b
Uj:M7 0<j<n-—1, and vj:M, m<j< N (7.17)
b 1;b;
Therefore
j—1 i1y
f]:ZUj:uob0UQZ—7 0<y<n,
- — 11;b;
=0 =0
j—1
fi=)Y vi+1= m<j<N
i=m
On the other hand, since f,, =1 and vy = fn41 — fv = —fn, we get

n—1 1 " bow N—
1= pobove S~ —,  HmOmUm _ o
a ; Hib; N ~Hmbm 12 ib;
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Then

n—1 1 -1 N
MObOUO = (Z b) ) Hm bV = (Z

=0 Hii i=

>_1. (7.18)

Inserting (7.17) and (7.18) into (7.16), we obtain

n—1 N
= Z pibiv; + Z pibivy
=0 —m

n—1 1 N
= (PJObOUO)2 Z b ,LLm mvm Z
i=0 122 i i=m i z

n—1 1 -1 N 1 -1
:(;Hz‘bz) +(§uibi> .

Since the process is recurrent, Y ;o 1/p;b; = 0o, we have

n—1 —1
Cap(K)=inf{D(f), fo=0, f has finite support, f|x >1}= (Z ﬂ'l ) ,

; zbi
=0
which is independent of m. Therefore
By=sup AElE _ oy Momile 1 ||Bni:1
K Cap(K)  1<n<m Cap([n,m])  n>1 o) i—o i

as required. [

We remark that once we know the solution f that minimizes D(f), the
proof (c) above can be done in a different way, as illustrated in the next proof.

Corollary 7.6. Consider an ergodic diffusion on [0,00) with operator L =
a(z)d?/dz? + b(x)d/dz and reflecting boundary. Suppose that the correspond-
ing Dirichlet form (D, Z(E)) is regular, having core C4[0,00): the set of all
continuous functions with piecewise continuous derivatives and having compact
support. Define C(z) = fox b/a for x > 0. Then for Dirichlet boundary at 0, we
have

xT
Bs :supHI(m’oo)H]B/ e=C.
x>0 0

Proof. In view of (b) in the above proof, to compute the isoperimetric con-
stant, we need only consider the compact K = [n,m], m > n, m,n € R;.

Define
fox e‘c/ fon e ¢, if0<xz<n,
1— fri/\N e’C/ fn]j e C, if x > m.
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We now show that Cap(K) can be computed in terms of this g € C4[0, c0).
Note that

Cap(K) =inf{D(f) : f € C4[0,0) : f|x = 1}.

Next, let f1 S Cd[07n] with f1(0) = f1(n) =0, f2 S (Cd[m,N] with fz(m) =
f2(N) = 0, and study the following variational problem with respect to &;
and eo:

n N

Hiene) = [ (7 +aafiPed+ [ (@ +appe

0 m
If necessary, one may regard [, as fOr: and similarly for fnlj Without loss
of generality, assume that f, # 0. Otherwise, we can set ¢, = 0. Clearly, H

should have a minimum in a bounded region. From 0H/Je), = 0, it follows
that

S G Jo fi _ h(m) —h0)
Io fi {eC (Jo IQeC)(fon e=) (fo IQeC)(fon e )

- :7.fm g'f 260: f /2 _ fo(N) — fa(m) _
I 352 () 182e) (U @) (fn $5°€) (fn 7€)

More precisely, if f’ is discontinuous at ny,...,nx, then

/.f*/‘f+— /Lf —FO) 4+ (Fn) — Fn)
1) =

since f is continuous. Thus, H (1, e2) attains its minimum

mo=([<) ()]

oo
at €1 = €9 = 0. Moreover, due to the recurrence, we have fm e = o0.

Combining these facts, we obtain Cap(K ( fo *C) . The assertion now
follows immediately. [

For higher dimensions, the geometric aspect of estimating the isoperimetric
constant or capacity has been developed extensively. Refer to V.G. Maz’ya
(1985), I. Chavel (2001), D.R. Adams and L.I. Hedberg (1996), and references
within. However, in view of the generality of Theorems 7.1-7.4, our knowledge
about the isoperimetric constants is still rather limited (open problem).

7.2 Sketch of the proofs

The key to proving Theorem 7.1 is the following result.
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Theorem 7.7. For a regular transient Dirichlet form (D, 2(D)), we have
/ Cap({z € B |f(x)] > 1)d(2) <4D(f). | € (D) Co(E).

Proof. The simplified proof given here is due to M. Fukushima and T. Uemura
(2003, Theorem 2.1). In this proof, one needs more knowledge about Dirichlet
forms. Refer to the books by Fukushima et al. (1994), and by Ma and Réckner
(1992).

Let f € 2(D)NCH(E) and set Ny = {|f| > t}. Then there exist e(t) €
P.(D), e(t) =1, quasi everywhere (q.e.) on N, and a measure p; such that

Cap(Ng) = pe(Ni) = D(e(?)), (7.19)
D(e(t), g) = /N gdue, g € Ze(D). (7.20)
Since e(s) = 1, 0 < s < ¢, q.e. on Ny, by (7.20), we have

D(e(t), e(s)) = m(Nt) = D(e(t)). (7.21)
Next, define ||g||% = D(g). By (7.21), we have

le(s) — e(®)]|H = Cap(Ns) — Cap(iVy).

Thus, |le(t)|| p is measurable in ¢, since Cap is right-continuous. On the other
hand, by (7.19), we have

[l flloo

/ ()] pdt = / " /Cap(Ny) dt < [ e at

= || fllos v/ Cap(Supp(f)) < oc.

We can define the Bochner integral ¢ = fo t)dt. Moreover,

_ /0 D(e(t),g)dt, g€ Z.(D). (7.22)

With these preparations, we can now prove our assertion:

/ Cap(N)de2 = 2 / {Cap(N,)dt = 2 / Hu(N)dt (by (7.19))
0 0 0
<2/ tl/ | fldpedt  (since |f|/t = 1 on Ny)

= 2/ D(e(t),|f])dt (by (7.20))

—2D(, 1)) (by (7.22))

2/ D(W)D(|f|) (by the Schwarz inequality)
2y D) D(f).

<
<
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But

/ /D dtds—2/ dt/D
2/0 dt/o D(e(t))ds (by (7.21))
= 2/0015D(

e(t))dt = 2 /0 " tCap(Ny)dt (by (7.19))

0
— [ cop(ar®
0

and so the required assertion follows. [

Having Theorem 7.7 in mind, the proof of Theorem 7.2 (which is more
general than Theorem 7.1) is quite standard. Here we follow the proof of
V.A. Kaimanovich (1992, Theorem 3.1).

Proof of Theorem 7.2. Let f € 2(D) N Cy(F) and set N; = {|f| > t}.
Since Ny is compact, by (H1), Iy, € B. Next, since |f| < |[f|lco{Supp(f)}> DY
(Hy) and (Hs), f* € B. Note that

00 s If]
/ Ind(t?) = 2/ tly >0 dt = 2/ tdt = f* (coarea formula).
0 0 0

Since Ny is compact, by the definition of By and Theorem 7.7, we obtain

21 _ 2 _ - 2
B - t
Hf H sup/ ffgdu sup/ (/ Iy d(t ))gdu
g€ JE 9ge9 JE 0
= sup/ (/ Ithdu>d(t2) </ [Zn, ||5d ()
g9€9 Jo E 0

< Bs /Oo Cap(N,)d(t*) < 4BsD(f).
0

This implies that Ap < 4Bgp.
Next, for every compact K and any function f with f|x > 1, we have

1Tl < (172l < AD(F)-
Thus,
1k ||z < Asinf{D(f) : f € 2(D) N Co(E), flx > 1} = ACap(K).

Dividing both sides by Cap(K) and taking the supremum with respect to K,
it follows that Bp < Ap, and the proof is completed. [J

The proof of Theorem 7.3 is based on the splitting technique and the
following result.
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Proposition 7.8. Let (E, &, ) be a probability space and (B, || - ||z) a normed
linear space, satisfying (H1) and (H2), of Borel measurable functionson (E, &, 7).

(1) Let ¢; be given by (7.6). Then

HFH]B S (1+ \/ 1] |]B) ||f2H

(2) Let ¢y (G) be given by (7.7). If ¢5(G)7(G)||1]|s < 1, then for every f with
flge =0, we have

1725 < 1P2[ls/ 1L — y/ea(@)n(G) 11]1]".

Proof. Note that 7(f)? < (f2 cleQHB For all p,q > 1 with (p—1)(q —
1) =1, we have (z + y)? < pr? + ¢y?, and so

1720ls <l £2]lg + am(£)?I1lls < (0 + crallle) || £2]|-

Minimizing the right-hand side with respect to p and ¢, we get the first asser-
tion. The proof of the second one is similar. [

The proof of Theorem 7.4 uses 4 = {g 0: [eddr < e? + 1} and
{g >0: f eddm < 1} respectively, for the upper and lower estimates.

7.3 Comparison with Cheeger’s method

A typical case for which one needs the general form of Poincaré-type inequa-
lity is the F-Sobolev inequality [cf. F.Y. Wang (2000a), F.Z. Gong and F.Y.
Wang (2002)]:

/EfQF(fQ)dM < ApD(f), f€2(D)NCy(E). (7.23)

Theorem 7.9. Let F': Ry — Ry satisfy the following conditions:
(1) 2F" +aF" >0 on [0, 00).
(2) limg—o F(z) =0 and lim,_,o F(z) = 0.
(3) sup, #F'(2)/F(z) < o0

Then Theorem 7.2 is valid for the Orlicz space with N-function ®(x)=|z|F(|x]).
Furthermore, the isoperimetric constant is given by

Ba— sup . (K) ™! + p(K)F (0 (K))

, 7.24
compact K Cap(K) ( )

where o, (K) is the minimal positive root of a?F’(a) = u(K).
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To compare this result with the generalized Cheeger’s method, let us recall
the symmetric form

D@ (f) = 2/J(a)(dm dy)[f(y) /K (dz)f a

WV
o

as defined in Section 4.5, satisfying the normalizing condition
[(JY(dz, E) + KW (dz))/7(dz) < 1

Next, define

xF (x)
/\é = inf {D SfI =1}, ¢, = sup

+
< 00,
z>0 F(z)

where F. denotes the right and left derivatives of F.

Theorem 7.10 (Chen, 2000a). Suppose that F'is a continuous increasing func-
tion on [0, 00) with F'(0) = 1 such that F” is piecewise continuous and ¢; < oco.
Then the optimal Ap in (7.23) satisfies

m(G)F (r(G)71)
Ar> W0 JG %G9+ K(G) 729
41+ ¢3)(2 = ND)m(G)2F (7(G)~1)

u
w@>0  [JU/2(G x G¢) + K1/2(G)]?

Ap <

(7.26)

Comparing (7.26) with (7.24) and (7.4), it is clear that Cheeger’s method
is more explicit (without using capacity) but less precise qualitatively than
the capacitary method. See also Example 4.19. In fact, as pointed out by A.
Grigor’yan (1999), for the Laplacian on a Riemannian manifold, the capaci-
tary result Theorem 7.1 implies Cheeger’s lower bound for the first Dirichlet
eigenvalue.

Moreover, it should also be clear that these two methods are much less
explicit than the one-dimensional results studied in Chapter 6. The main
reason is that in the latter case, our starting point given in Section 6.2 is
much more precise than Theorem 7.1.

Comments on F-Sobolev inequalities
The F-Sobolev inequalities are important in the following sense.

(1) Tt was proved by F.Y. Wang (2000a), and extended by F.Z. Gong and
F.Y. Wang (2002), that if the essential spectrum of the generator of the
process is empty, then F-Sobolev inequality holds for a suitable function
F'. Here and in what follows, we are talking about the ergodic case only.
The converse assertion holds once there exists a transition probability
density with respect to the reversible probability measure.
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(2) The F-Sobolev inequalities were used by F.Y. Wang (2000b) to estimate
the higher eigenvalues A;, j > 1, not only the first one.

(3) Recently, F.Y. Wang (2004a; 2004b) has proved that the inequalities
for suitable F' are equivalent to the Bochner-type inequalities, which
are additive and hence are useful in the infinite-dimensional situation
to study the perturbation of independent systems.

(4) Clearly, one may regard some F-Sobolev inequalities as interpolations
between the logarithmic Sobolev inequality and the Poincaré inequality
(cf. F. Wang (2003a)). It is meaningful, especially for Markov jump
processes, to give some sufficient conditions for exponential convergence
in entropy.

7.4 General convergence speed

The aim of this section is to derive an inequality for general convergence speed
for reversible Markov processes.
Let £(t) | 0 as t T co. Consider the general decay

IPfI? = 1Pf = m(F)II < CV(ER), (7.27)

where C' is a constant and V is a suitable functional to be discussed below
more carefully. On the right-hand side of (7.27), the variables ¢ and f are
separated. Of course, we are mainly looking for such a simple control, rather
than a complicated expression. Now, a question arises. What is an analogue
of the Poincaré inequality for such decay?

Note that if we define

V(f) = sup&(t) P f|I%,
>0
then it is clear that the functional V' should be homogeneous in degree two,

V(af +8) =a®V(f), (7.28)

which is the main condition we need for the functional V. Next, if we define
V(f) = ||f||?, then we will return to the exponential convergence &(t) ~ et
We now continue our search for an analogue of the Poincaré inequality. It

is a simple fact that

1 1-— efat

STU-PLD=[ AL NTDY) astlo

t 0,50 t
where {E, }o>0 is the spectral family of the semigroup, since (1—e~*)/t 1 as
t |. Because (P.f, f) is decreasing in ¢, there exists a nonnegative, increasing
function n (n(r) = r, for example) such that n(r)/r T 1 as r | 0, and then for
each f with 7(f) = 0, we have

£ = n()D(f) < (Pef, f) < IPIIFI < VC AIFAIR



7.5 Two functional inequalities 143

by assumption. Solving this inequality in || f||, we get

171 < 5[ VEVIRED + VEVINED + InD(7))

Therefore, we obtain the required inequality

IF]]* < 206)D(f) + C'V(HE®), (7.29)

where C’ is a constant.

In particular, if we set £(t) = t179(q > 1) and 7(t) = t, then by optimizing
the right-hand side of (7.29) with respect to ¢, we obtain the following Liggett—
Stroock inequality:

71 < ¢ D) rv e, (7.30)
where 1/p+1/g = 1. Refer to the proof of Theorem 5.10.

7.5 Two functional inequalities

Let us return to (7.29). By a transform if necessary, without loss of generality,
we may assume that V(f) = 1. Then the right-hand side of (7.29) becomes
2n(t)D(f) + C’&(t). Define ®(x) = inf,~o[2n(r)x + C'&{(r)], > 0. Then
inequality (7.29) takes the following more compact form:

17 <eD(f), V(=1

However, this inequality is not practical, since ® is not explicit. The trick
now is to regard ¢ as a new parameter r. Then we can rewrite (7.29) as

I7]1* < 20()D(f) + C'V(Er), >0 (7.31)

Before moving further, we show that it is easy to go back to (7.27) from
(7.31). Let 7(f) = 0 and set f; = Pif, F; = «(f?). Assuming that the
semigroup is V-contractive in the sense that V(f;) < V(f) for all f, then by
(7.31), we have

o CV(f)Er) 1

A T RTO R
CV(HEr) 1 )
ST r=0r=b

By Corollary A.2,

t
F < Fpe—t/nn 4 CVIEr) / o= (t=)/m(r) 4
n(r) 0

< fPe7t L 'V (fE(r),  t=0, 1> 0.
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Suppose that 7(r) T as r | and define
r(t) =inf {r > 0: —n(r)log&(r) < t},
By =¢0r),  V(H =CV(H)+IFI
Then as t | co, 7(t) T oo and so £(t) | 0. Moreover,

IPfII> = Fr < V(£)E®), t>0,

which gives us the required decay (7.27).
As an application of (7.31), by setting n(r) = /2 and V(f) = =(|f|)?,
F.Y. Wang (2000a) introduced the so-called super-Poincaré inequality

IFII* < rD(f) + B)m ()2 vr >0, (7.32)

where 3(r) | as r . The reason for choosing V(f) = 7(|f|)? comes from the
fact that the ordinary Poincaré inequality is equivalent to

IF1I* < CD(f) + = (If1)?,

for some constant C' > 0. It was also proved in F.Y. Wang (2000a), F.Z. Gong
and F.Y. Wang (2002) that (7.32) is equivalent to the F-Sobolev inequality
(ergodic case)

/E PE()dr <CD(f),  |fll =1, (7.33)

where [ satisfies sup,.¢ g 17 [rF(r)| < oo and lim, .« F/(r) = oo. The equiva-
lence of (7.32) and (7.33) provides us not only a more intrinsic understanding
of these two inequalities but also that we can use either of them according
to our convenience. For instance, as shown in the previous paragraph, (7.32)
describes the decay of the semigroup, and by Theorem 7.9 (and Corollaries
7.5 and 7.6), we obtain a criterion for (7.33).

Next, we are going to look for a slower convergence. Again, we start from
(7.31). Note that the use of the new parameter r is mainly for our convenience.
Actually, the right-hand side of (7.31) plays a role only at a point 7, at which
the right-hand side of (7.31) achieves the infimum. Note also that when
V = | -||% and n(r) = r, for instance, we have lim, o 3(r) = oo. This
singularity is sometimes reasonable (in the case of algebraic convergence for
instance), and makes (7.32) stronger for smaller 7. It may cost some difficulty
in the applications and may exclude some slower convergence. For this, we
need further consideration. It is clear that using a different pair (1, &) on the
right-hand side of (7.31), one may obtain the same (or equivalent) inequality.
Based on these observations, by exchanging the position of the functions r
and £(r), M. Réckner and F.Y. Wang (2001) introduced the so-called weaker-
Poincaré inequality (WPI) as follows:

I71* < a)D() +7V(F),  ¥r>0, (7.34)
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where a(r) > 0, a(r) | as 7 1 on (0,00). It was proved in the quoted paper
that when V = ||-||2,, (7.34) is equivalent to the Kusuoka—Aida weak spectral
gap property [cf. S. Aida (1998)]:

For every sequence {f,} C 2(D) with 7(f,) =0,
[ fnll <1, and lim D(f,) =0, we have f,, — 0 in P.

Here is one of the main results about WPI.
Theorem 7.11 (M. Rockner and F.Y. Wang, 2001).

(1) If ||Pf]|? < E@)V(f) forall t >0 and &(t) | 0 as t | oo, then WPI holds
with the same V' and

a(r) = 2r inf 15_1(sel_s/r), EME) ==1inf{r > 0: &(r) <t}

s>0 8§

(2) If WPI holds and V(P,f) < V(f) for all t > 0, then

IPFIP <en VD + A1 ve>o.
where £(t) = inf{r > 0: —«a(r)logr/2 < t}.

To establish WPI, the generalized Cheeger’s (isoperimetric) method is also
very powerful [cf. Rockner and Wang (2001)].

The functional inequalities and much more material are explored in a
monograph by F.Y. Wang (2004b).

7.6 Algebraic convergence

We now return to the Liggett—Stroock inequality (7.30). Instead of stating
some general but technical theorems, we introduce only two examples, from
which one can see the role played by different functionals V. Examples are
the leading light of our study. Every meaningful theorem should be supported
by a good example.

Example 7.12 (Chen and Y.Z. Wang, 2003). Consider the birth—death process
with rates a; = b; = ¢7 for large i (i > 1) and v > 0. The process is ergodic iff
v > 1.

(1) Let v > 1. Then Ay > 0 iff ¥ > 2. In other words, with respect to
V(f) = ||f||2 the process has L2-algebraic decay iff v > 2.

(2) Lety € (1,2). Then with respect to V*: V*(f) = supysg [(k+1)*| frt1 —
kaQ, where 0 < s < v — 1, the process has L2-algebraic decay iff v €
(5/3,2).

(3) Let v € (1,2). Then with respect to Vo: Vo(f) = sup,;(fi — f;)?, the
process has L2-algebraic decay for all v € (1,2).
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Example 7.13 (Chen and Y.Z. Wang, 2003). Consider the birth—death process
with rates a; = 1, b; = 1 — /i for i > 1 and v > 0. The process is ergodic iff
v > 1. We now let v > 1.

(1) In general, we have A\; =0 for all v > 1.

(2) With respect to V% VO(f) = sup;q|frr1 — fx|®, the process has L*
algebraic decay iff v > 3.

(3) With respect to Vo: Vo(f) = sup,;(fi— f;)?, the process has L?-algebraic
decay for all v > 1.

The beginning step of the proof

Note that the functionals V* and Vj are all of Llpschitz type with respect to

f@-fw |
p(z,y)

the distances play a very important role in the study of the spectral gap. The

same happens in the present situation. Here we show a few of the lines in the

original proof. First, recall the Liggett—Stroock inequality:
171> < CD()PV (f)He.

some distance p: Lip,( f)?= SUp, £, . As we have shown before,

Clearly, one has to use Holder’s inequality:

Var(f):%Zmﬁj(fj Zme 1)
4,9 {i,5}
) 1/p 1/q

{i.g} {i.g}

Roughly speaking, in the last line, ¢;; represents a distance between ¢ and j.
The last inequality indicates a good use of the Holder inequality. One may
continue the proof by estimating the right-hand side.

General ergodic Markov chains

Finally, we consider a general ergodic Markov chain with transition probability
matrix (p;;(t)) on a countable set, 7; := lim;_,o p;;(t) > 0, but looking for
polynomial convergence only. Define

(oo}
dz(‘;) = /0 " (pij (t) — m;)dt, neZy,

mz(;) =E;0}, oj =inf{t > 1 : Xy = j},

where 7; is the first jumping time of the chain.

Theorem 7.14 (Y.H. Mao, 2003). For an irreducible and ergodic Markov chain,
the following assertions hold:
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(1) ]d ] < oo for all 4, j iff m( ") < oo for some (equivalently, all) ;.
(2) If m( ") < o0, then py;(t) — m; = o(t™" 1) as t — oo.
(3) mgj) < oo iff the inequalities

(n—1) . .
{Zk qikYk <—n mij ) ? 7é Js (735)

>kt j DikYrk < 00,
have a finite nonnegative solution (y;).

It is remarkable to note that equality in (7.35) indeed holds for (yi =
mgl)) In other words, the nth moments are expressed in terms of the (n —
1)th moments, and hence depend on all of the mth moments (m < n —
1). This indicates the complexity of a criterion, in general, for algebraic
convergence, especially for irreversible processes. Recall that in the previous
sections, general convergence speed depends heavily on the Dirichlet form

(reversibility) and so is not available for the general irreversible situation.

7.7 General (irreversible) case

The discussion at the end of the last section leads to the following open
problem.

Open Problem 7.15. What should be a criterion for slower convergence of a
general time-continuous Markov process in terms of its operator?

As a reference, here we consider the time-discrete case. Let (E, &) be a
general measurable space and (X,,)n>0 a Markov process with state space
(E,&). Define the return time oz = inf{n > 1: X,, € B}. Next, define

o = {r<n>nez+: 2<r(m) 1. B g as oo}

%’{ (n)nez,: Iro € By such that lim ") o and Tm ™) <OO}'
n—so T0(12) n—o0 19(n)

Roughly speaking, %, is the set of monotone speeds, and Z is the perturba-
tions of the elements in %Z,. Here is the general answer to Problem 7.15 in
the context of time-discrete Markov processes.

For simplicity, one may think of the petite set and & below, respectively,
as the compact set K and the Borel sets in R? having positive Lebesgue
measure.

Theorem 7.16 (P. Tuominen and R.L. Tweedie, 1994). Let a Markov process
be irreducible and aperiodic. Fix r € Z. Then

lim T’(Tl)”Pn(:E, ) - 7T||Var =0

n—oo
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for all z in the set

JBfl
{33 :E, > r(k) < oo, VB € £+}7

k=0

provided one of the following equivalent conditions holds:

or—1

(1) There exists a petite set K such that E, Y, %" r(k) < co for all z € K.
(2) There exist (fy)nez,.: £ — [1,00], a petite set K, and a constant b such
that sup,cx fo < 00, {f1 < oo} C {fo < oo}, and furthermore,

Pfoi1 < fo—7r(n)+br(n)lg, ne€ly.

(3) There exists A € & such that

sup E,, r(k) < oo, VB e &t
z€A ;g% ( )

It is proved by S.F. Jarner and G.O. Roberts (2002) that in the polynomial
case, one can use a single f instead of the sequence (f,) used above.

Finally, we mention that there is quite a number of publications devoted
to the study on the ergodic convergence rates for time-discrete Markov pro-
cesses, not included in this book. A natural extension of the classical types of
ergodicity, largely developed in S.P. Meyn and R.L. Tweedie (1993b, Chapter
16), is the V-uniform ergodicity: |P™ — ||y — 0 as n — oo, where

[P (x,) — Pa(z, )l = sup V(z)~" sup [(P — P2)f ()|
c€E |FI<V

for a given function V € &: 1 < V < oco. Intuitively, the function V' comes
from the equivalent “draft condition”

PVo < —aVp + Blp

for some petite set B and constants o > 0 and § < oo, where Vo > 1 is
equivalent to V: ¢V < Vp < ¢V for some constant ¢ > 0. The exponential
ergodicity corresponds to a type of V-uniform ergodicity for a suitable V. In
view of the drift condition, for smaller V', the V-uniform ergodicity becomes
stronger. In particular, when V' =1 (the smallest one), we come back to the
uniform (strong) ergodicity (cf. Section 1.4). Refer to I. Kontoyiannis and S.P.
Meyn (2003), G.O. Roberts and J.S. Rosenthal (1997), J.S. Rosenthal (2002),
L.M. Wu (2004), and references within for recent progress. Two results of
the relation between the V-uniform ergodicity and the inequalities studied in
the book are given in Figure 1.1 or Theorems 8.6, 8.8, and 8.13 in the next
chapter. In general, they are not comparable, as shown by Examples 8.2-8.4.
This is clear, since the inequalities deal with the norm of mappings from one
normed linear space to another, not necessarily from one to itself.



Chapter 8

A Diagram of Nine Types
of Ergodicity

This chapter consists of three sections. In the first section, we recall three basic
inequalities and their ergodic meaning. Then we recall three traditional types
of ergodicity. We compute the exact optimal constants of the inequalities or
exact ergodic rates for the traditional ergodicity in the simplest case, that the
state space consists of two points only. Next, we turn to study the diagram
of nine types of ergodicity presented in Theorem 1.9. In the second section,
we discuss the value of the diagram, consider its powerful applications, and
make some comments on its completeness. The comparison of the different
types of ergodicity are shown by some simple examples. The last section is
devoted to the proof of the diagram with some addition.

8.1 Statements of results

Ergodicity by means of three inequalities

Three basic inequalities. Let (E,&,m) be a probability space and (D,
2(D)) a Dirichlet form. Denote by Var the variational norm: Var(f) =
IfII? = 7(f)?. The three inequalities mentioned several times before are as
follows:

Poincaré inequality . Var(f) < \{'D(f),
Nash inequality :  Var(f)*/" < n_lD(f)||f||le/V7 v >0,
Logarithmic Sobolev inequality : /f2log (f2/||f||2) dr < 207'D(f),

where || - ||, is the LP-norm and || - | = || - ||z We remark that for the Nash
inequality, it holds as well if || f||; is replaced by || f]» for all » € (1,2). To save
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on notation, here A1, 7, and ¢ denote the optimal constants in the inequalities.

Ergodicity by means of the inequalities. Let (P;) be the semigroup
determined by the Dirichlet form (D, 2(D)): P; = el formally. Then

e Poincaré inequality <= Var(P, f) < Var(f)e 21t
e Logarithmic Sobolev inequality == exponential convergence in entropy:

Ent(P, f) < Ent(f)e 27",

where Ent(f) = n(f log f)—=n(f)log | f|1. Actually, one can replace “="
with “<=" in the context of diffusions.

v/2
e Nash inequality <= Var(P;f) < (ﬁ) I f113-
n

At first glance, one may think that the Nash inequality is the weakest one,
since the convergence speed is slower. However, this is incorrect, as shown in
Figure 1.1. A result due to L. Gross (1976) says that

Logarithmic Sobolev inequality = Exponential convergence in entropy

— Poincaré inequality.

Three traditional types of ergodicity

Recall that
= Vllvar = 2 sup |u(A4) = v(A)].
Ae&

Here are the three traditional types of ergodicity.

Ordinary ergodicity : tlim |1 Pi(z, ) — 7||var =0,
—00
Ezxponential ergodicity : tlim | Py(, -) — 7||var = 0,
— 00
Strong ergodicity : tlim sup || Pe(z, ) — l|var =0

< lim e’ sup || Py(x, ) — 7||var = 0,
t—o00 T

where @ and 3 denote the largest positive constants in the corresponding
equality to save on notation. For these types of ergodicity, there is a classical
theorem, which will be proved in the last section of this chapter:

Strong ergodicity = Exponential ergodicity => Ordinary ergodicity.

As an illustration, we compute the optimal constants in the inequalities
and the exact rates of ergodic convergence for the simplest example.
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Example 8.1. Let E = {0,1} and consider the Q-matrix

o= (L)

Then the Nash constant and the logarithmic Sobolev constant are given by

a/\b)l/q 2(aVb—aAb)

n(a+b)<avb 77 logl[(avh)/(anb)]

respectively. The rates of the L2-exponential convergence, the exponentially
ergodic convergence, and the strongly ergodic convergence (must be exponential)
are all equal to Ay = a + b. The results are summarized in Table 8.1.

Table 8.1 The optimal constants of the inequalities for two points

M=a=p Log Sobolev o Nash 7

2(aVb—aAb) (a+1b) aAb\' T
logaVb—logaAb aVb

a+b

In general, we have A\; > ¢ (Theorem 8.7), but A\; = o for this example iff
a = b (where o is regarded as the limit as a — b).

Proof. (a) Note that

a+b a(l - efAlt) b+ ae~ At
and 7y = a/(a +b), 7y = b/(a +b). Hence

a\/be_/\lt.
a+b

pij (t) — mj| <

This proves the last assertion.

(b) Write
Q=(a+b) (199 991>’

where 8 = b/(a + b). Therefore, it suffices to consider the Q-matrix

—0 0
@ = (1 0 9 1) :
Without loss of generality, one may assume that 8 < 1/2, i.e., b < a.

(c) By P. Diaconis and L. Saloff-Coste (1996) or Chen (1997a), for @1, we

have
2(1 —26)

7T log(1/0—1)
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The computation of this constant is nontrivial. From this and (b), it is easy
to obtain the second assertion.
(d) We now show that the Nash inequality is equivalent to

If =7 (AP <o 'DAVPIf =l fe L), (8.1)

where ¢ is a median of f. To see this, replacing f with f — ¢ in the original
Nash inequality, we get (8.1). The inverse implication follows from

1f = el = mf[|f = alls <[ £

Next, consider Q1. Given a function f on {0, 1}, without loss of generality,
assume that fo > f1. Since 6 < 1/2, the median of f is fo. Set g = f — fo.

Then
gl = blgr| = 6(fo — f1),
Var(g) = m g7 + (m191)° = 0(1 — 0)(fo — f1)?,
D(g) = moq01(g1 — 90)* = (1 = 0)0(fo — f1)*.
Hence for @1,

S o[ ] R A
9 Var(g) 1-0 ’

Applying (b) again, we obtain the first assertion. [

Even in this simplest situation E = {0, 1}, the exact rate of the exponential
convergence in entropy is still unknown.

A diagram of nine types of ergodicity

The main topic of this chapter is the diagram of the different types of ergo-
dicity presented in Theorem 1.9.

8.2 Applications and comments

Here are some remarks about Figure 1.1.

The importance of the diagram is obvious. For instance, by using the
estimates obtained from the study of the Poincaré inequality, based on the
advantage of the analytic approach, the L?-theory and the equivalence in the
diagram, one can estimate exponentially ergodic convergence rates, for which
current knowledge is still very limited. Actually, these two convergence rates
often coincide (cf. the proofs given in Section 8.3). In particular, one obtains
a criterion for exponential ergodicity in dimension one, which was open for a
long period (cf. Tables 1.4 and 5.1). Conversely, from the well-known criteria
for exponential ergodicity, one obtains immediately some criteria, which are
indeed new, for the Poincaré inequality. Here is a criterion for exponential
ergodicity. A t-irreducible, aperiodic Markov process with operator L is
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exponentially ergodic if there exist a probability measure v, some functions
h:FE —(0,1], V: E — [1,00], and some constants § > 0, ¢ < oo such that

LV < (=6+ch)V, Ri>h®u,

where Ry = fooo e MPydt, A > 0, is the resolvent of the semigroup {P;};>0.
Refer to S.P. Meyn and R.L. Tweedie (1993a), I. Kontoyiannis and S.P. Meyn
(2003) for more details. Next, there is still very limited knowledge about the
L'-spectrum, due to the structure of the L'-space, which is only a Banach but
not a Hilbert space. Based on the probabilistic advantage and the identity
in the diagram, from a study of the strong ergodicity, one learns a great deal
about the L!-spectral gap of the generator. Refer to L.M. Wu (2004) for a
comprehensive study of related topics for time-discrete Markov processes.

As explained in Section 7.6, L?-algebraic convergence means that Var(P; f)
< OV(f)t1=2 for all t > 0 and for some V having the properties that V is
homogeneous of degree two (in the sense that V (cf +d) = ¢V (f) for any con-
stants ¢ and d) and V(f) < oo for a class of functions f [continuous functions
with compact support, for instance; cf. T.M. Liggett (1991)]. Refer also to
J.D. Deuschel (1994), Chen and Y.Z. Wang (2003), Y.Z. Wang (2004; 2003b),
M. Réckner and F.Y. Wang (2001) for a study of L2-algebraic convergence.

Reversibility is used in both the identity and the equivalence. Without
reversibility, L?-exponential convergence still implies 7-a.s. exponentially er-
godic convergence.

An important fact is that the condition “having densities” is used only
in the identity of L'-exponential convergence and 7-a.s. strongly ergodic
convergence. Without this condition, L'-exponential convergence still implies
m-a.s. strongly ergodic convergence, and so the diagram needs only a little
change (however, reversibility is still required here). Thus, it is a natural open
problem to remove or relax this “density condition.”

Except for the identity and the equivalence, all the implications in the
diagram are suitable for general Markov processes, not necessarily reversible,
even though the inequalities are mainly valuable in the reversible situation, or
when the stationary distribution is known in advance. Clearly, the diagram
extends the ergodic theory of Markov processes.

The diagram is complete in the following sense: each single implication
cannot be replaced by a double one. Moreover, the L'-exponential conver-
gence (respectively, strong ergodicity) and the logarithmic Sobolev inequality
(respectively, exponential convergence in entropy) are not comparable.

The differences among these types of ergodicity are illustrated by the fol-
lowing examples.

Examples 8.2. Comparisons of the different types of ergodicity for diffusions
on the half-line with reflecting boundary at the origin. See Table 8.2. Here “\/"
means “always holds” and “Xx" means “never holds.”
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Table 8.2 Comparisons of diffusions on [0, 00)

Erg. | Exp. erg. | LogS | Strong erg. | Nash

Z((?)j;v vl | oyz2 |y v >2 ¥ >2
Z((z))iﬁlog”z v 720 721 7>1 )
R I R N R I

Examples 8.3. Comparisons of the different types of ergodicity for birth—death
processes. See Table 8.3.

Table 8.3 Comparisons of birth—death processes

Ergodicity| Exp. erg. | LogS | Strong erg. | Nash

b
aZ:i; v>1 v>2 v > 2 v >2 v>2

@ =bi v =0 |y>1 v>1 x
=i%log"i i i

a; =a >
b = b vV vV X X X

We have seen from the above tables that strong ergodicity is usually
stronger than the logarithmic Sobolev inequality. The next example goes
in the opposite way.

Example 8.4 (Chen, 1999b). Let (m; > 0) and take ¢;; = m;(j # i). Then
the process is strongly ergodic but the logarithmic Sobolev inequality does not
hold.

Proof. (a) Since the Q-matrix is bounded, the logarithmic Sobolev inequality
cannot hold (cf. Theorem 4.12).

(b) For strong ergodicity, note that the sequence yo = 0, y; = 1/7, (i # 0)
satisfies the following criterion [cf. Theorem 5.1 (3)]:

> @iy —yi) < -1, i # 0,
> j20 d0jYj < 00,
(yi) is nonnegative and bounded.

Hence the process is strongly ergodic. O
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For one-dimensional diffusions, a counterexample was constructed by F.Y.
Wang (2001) to show that strong ergodicity does not imply exponential con-
vergence in entropy (equivalently, the logarithmic Sobolev inequality).

The diagram was presented in Chen (1999¢; 2002b), originally stated main-
ly for Markov chains. Recently, the identity of L!'-exponential convergence
and the m-a.s. strong ergodicity were proven by Y.H. Mao (2002c¢).

8.3 Proof of Theorem 1.9

The detailed proofs and some necessary counterexamples were presented in
Chen (1999c; 2002b) for reversible Markov processes, except for the identity
of the L'-exponential convergence and 7-a.s. strong ergodicity. Note that for
a discrete state space, one can rule out “a.s.” used in the diagram. Here, we
collect the complete proofs of the diagram, with some more careful estimates
for the general state spaces. The author would like to acknowledge Y.H. Mao
for his nice ideas, which are included in this section. The steps of the proofs
are listed as follows:

(a) Nash inequality = L!'-exponential convergence and m-a.s. strongly
ergodic convergence.

L'-exponential convergence <= 7-a.s. strongly ergodic convergence.
Strong ergodicity = exponential ergodicity = ordinary ergodicity.

L?-exponential convergence = L?-algebraic convergence.

)
)
)
(e) L2-algebraic convergence = ordinary ergodic convergence.
(f) Nash inequality = logarithmic Sobolev inequality.

) Logarithmic Sobolev inequality => Poincaré inequality.

)

L%-exponential convergence = m-a.s. exponentially ergodic conver-
gence.

(i) exponentially ergodic convergence = L2-exponential convergence.

Moreover, at each step, once we have a more general result, it will be stated
more precisely.

(a) Nash inequality = L'-exponential convergence and
m-a.s. strong ergodicity [Chen, 1999b]

Theorem 8.5.

(1) In general, Nash inequality = L!-exponential convergence.
(2) In the reversible case, Nash inequality = m-a.s. strong ergodicity.
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Proof. Denote by | - ||p—4 the operator’s norm from LP(7) to L%(rw). From
proof (a) of Theorem 5.10, it follows that

Nash inequality == Var(P;(f)) = [|P:f — = (f)|5 < C*| fI[3/t7*
= [[(Pe = m)flla < Cllfll /8072,
— ||Pt7ﬂ'||1~>2<0/t(q71)/2 (q = I//2+1)

Since ||P; — 7||1-1 < || Pr — 7|12, we have
Nash inequality = L'-algebraic convergence.

Furthermore, because of the semigroup property, the convergence of | - ||1-1
must be exponential, and we indeed have

Nash inequality = L*-exponential convergence.

That is the first assertion.
In the reversible case, P, — m = (P, — m)*, and so

1Pt = wlhi—oo < 1P = wllim2l| P = 7llamoo = [P = 71} .
Hence ||P; — 7||1—00 < C/t?7 1. Thus,

esssup, || Pi(z, ) — ||var = esssup, sup |(Pi(x,-) — 7)f]

[f1<1

<esssup, sup |(Pi(z,") — m)/]
1<t

= sup esssup,|(Pi(x,-) —m)f]

£l <1
= ”Pt - 7T||1Hoo

<O/ttt =0 as t — oo.

This gives us the 7m-a.s. strong ergodicity. [

(b) L'-exponential convergence <= 7-a.s. strong ergodi-
city [Y. H. Mao, 2002c]

Theorem 8.6.

(1) For reversible Markov process, we have L!-exponential convergence —
m-a.s. strongly ergodic convergence. Moreover, the exponential conver-
gence rate of the latter one is bounded below by the former one.

(2) If additionally, P;*(z,-) < m, then the two convergence rates coincide with
each other.
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Proof. Since (L')* = L™ = ||P, — 7|11 = || P{ — 7||co— 00, We have
[P = 7lloo—oo = esssup, Sup (P =) f ()]
=1

>esssup, sup |[(Pf—m)f(x)
sup | f|=1

= esssup, || Py (z, ) — 7l|var-

This proves the first assertion. If, moreover, P/ (z,) < m, then the sign of
the second equality holds, and so 7-a.s. strong ergodicity is exactly the same
as L'-exponential convergence. [J

(c)Strong ergodicity—-exponential ergodicity—-ordinary
ergodicity

If the Markov process corresponding to the semigroup (P;) is irreducible and
aperiodic in the Harris sense, then the implications hold. To see this, noting
that by [Chen (1992a, Section 4.4); D. Down, S.P. Meyn, and R.L. Tweedie
(1995)], the continuous-time case can be reduced to the discrete-time one,
and then the conclusion follows from S.P. Meyn and R.L. Tweedie (1993b,
Chapter 16).

(d) L?-exponential convergence — L*-algebraic conver-
gence

Simply take V(f) = || f||? in (5.20) and apply Theorem 5.10(1).

(e) L*-algebraic convergence = ordinary ergodic conver-
gence

The proof is very much the same as proof (a) of Theorem 8.8 below.

(f) Nash inequality =—> logarithmic Sobolev inequality
[Chen, 1999b]

Because || f||1 < || fl|p for all p > 1, we have
I Iz < ||+ 12 < /80D,
and so

Nash inequality = Poincaré inequality <= A; > 0,
[1Pillp—2 < [[Prlimz <[P = 7lhimz + [I7llim2 <00, pe(1,2).

By D. Bakry (1992, Theorem 3.6), this implies (4.15). The assertion now
follows from (4.16).
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(g) Logarithmic Sobolev inequality — Poincaré inequa-
lity [O.S. Rothaus, 1981]

Theorem 8.7. \; = gap(L) > o.

Proof. Consider f = 1+ eg for sufficiently small . Then D(f) = £2D(g).
Next, expand f2log f2 and f?log||f||* in € up to order 2:

flog f? = 2eg + 3¢%g* + O(%),

flog || = 2em(g) + €2 ( — 2m(g)* + m(g°) + 4g7(g)) + O(%).

Then we get [ f2log 2/ f||?dm = 2e? Var(g) + O(e?). The proof can be done
using the definitions of A\; and ¢ and letting ¢ — 0. O

The remainder of the section is devoted to the proof of the following as-
sertion:

L?-exponential convergence <= m-a.s. exponentially ergodic convergence.
(8.2)

This was done by Chen (2000a). Because by assumption, the process is re-

versible and P,(z,-) < , set

dP, (:23’, )
W)

Then we have p(z,y) = pe(y, z), © X m-a.s. (z,y). Hence

pe(z,y) =

/ps(%y)%(dy) = /ps(x,y)ps(yw)ﬂ(dy) = pas(2, ) < o0
(E.A. Carlen et al., 1987).

(8.3)

This means that p;(z,-) € L?(w) for all t > 0 and 7-a.s. = € E. Thus, by
Chen (2000a, Theorem 1.2) and the remarks right after the theorem, (8.2)
holds.

The proof above is mainly based on the time-discrete analogue result by
G.0O. Roberts and J.S. Rosenthal (1997). Here, we present a more direct proof
of (8.3) as follows.

(h) L*-exponential convergence =— 7-a.s. exponentially
ergodic convergence [Chen, 1991b; 1998b; 2000a]
Theorem 8.8.

1) In general, we have [|[uP; — 7|lvar < ||dp/dm — 1|j2e~22P(L) provided
( g I 1
du/dr € L?(n).
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(2) In the reversible case, we have €1 > gap(L) = A1, where ¢, is the largest
€ such that
||Pt(ma ) - 7T||Var < C(x)eist (84)

for some C(z) and all t. Hence L?-exponential convergence = 7-a.s.
exponentially ergodic convergence.

(3) In the p-irreducible case, L?-exponential convergence = 7-a.s. exponen-
tially ergodic convergence.

Proof. (a) Let < 7. Then

1Py — 7||var= sup |(uPy — m)f| = sup |7
[f1<1 [f1<1

If1<1 d Tl dr
q (8.5)
« [ AR ap o—teap(L”)
Prl— -1 < 1 gap
¢ (dﬂ’ ) ‘ dm

- du e—tgap(L)
dr '

This gives us the first assertion. We now consider two cases separately.
(b) In the reversible case with P,(z,-) < m, by (8.3), we have

P, (dPs(Ia ) . 1>
dm 1

< Ips(a, ) — 1] s t= 80 (L) (8.6)
= |: p2s(1‘7x> —1 es gap(L)}eitgap(L)7 t 2 s.

Therefore, there exists C'(z) < oo such that

1Py ) — s < \

| Ps(2, ) — 7|l var < C(z)et82PE) t>0, mas. ().

This proves the second assertion.

(¢) In the p-irreducible case, without using the reversibility and transition
density, from (8.5), one can still derive 7-a.s. exponential ergodicity (but may
have different rates). Refer to G.O. Roberts and R.L. Tweedie (2001) for a
proof in the time-discrete situation (the title of the quoted paper is confused,
where the term “L!-convergence” is used for the 7-a.s. exponentially ergodic
convergence, rather than the standard meaning of L!-exponential convergence
used in this book. These two types of convergence are essentially different, as
shown in Theorem 1.9 and Section 8.2). In other words, the reversibility and
the existence of the transition density are not completely necessary in this
implication. [J
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(i) m-a.s. exponentially ergodic convergence —> L2-expo-
nential convergence [Chen (2000a), Y.H. Mao (2002c)]

In the time-discrete case, a similar assertion was proved by G.O. Roberts and
J.S. Rosenthal (1997) and so can be extended to the time-continuous case by
the standard technique [cf. Chen (1992a, Section 4.4)]. The proof given below
provides more precise estimates. To begin with, we prove some short lemmas.

Lemma 8.9. Let & be countably generated. Then 7-a.s. exponentially ergodic
convergence and exponential convergence of || || P:(e, -) — 7||var|l1 are equivalent.
Here and in what follows, the L!-norm is taken with respect to the variable “o".

Proof. By E. Numemelin and P. Tuominen (1982) or E. Numemelin (1984,
Theorem 6.14 (iii)), we have in the time-discrete case that

m-a.s. geometrically ergodic convergence

< || [|P"(e, ") — 7||var||1 geometric convergence.
This implies the time-continuous case as stated in the lemma. [J
From now on, assume that || || P;(e, ) — 7||var||1 < Ce 2" with largest ,.

Lemma 8.10. If P,(z,-) < 7 or the process is reversible, then we have
HPe(e; ) = lvarlle = ([P = 7lloo—1

Proof. Let ||f|lco = 1. Then
(P =)l = [ w(@o)|(Pila,) - ]

< [nds) s [(Pa) =)l

llgllo<1

= /w(dx) sup |(Py(z,-) —m)g|

lg|<1

= [[I1P:(e,-) = mllvarll1-

The second-to-last equality comes from the following fact. If Pi(z, ) < m,
then every m-zero set is a P(x,-)-zero set. Next, if P, is reversible, then for
every m-zero set B, we have Pi(z, B) =0, m-a.s.(x). O

Lemma 8.11. (1) In general, we have || P, — 7||oo—1 = || P — 7|2 _5/2.
(2) In the reversible case, we have || Py — 7||oo—1 = || P — 7|2

oco—2"
Proof. The first assertion comes from

MH—Mﬂ@</KB—Mﬂ%w<mmw/ka—Mﬂm
ASIZNP -~ oo, € L),
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To prove the second assertion, note that

(P = m)fII3 = (P = m)f, (P = 1) f) = (f. (P = m)*f)
= (f, (Pt = m)f) < [[fllocl| (Pt — 7) flIx (8.7)
<13l P2t = oo

Hence ||Pyt — 7||co—1 = || P — 7||% - The inverse inequality is obvious by

using the semigroup property and symmetry:

1P2e = |1 <Py = T2l P = wllams = |2 = wlf3p- O

Lemma 8.12. In the reversible case, A\; = gap(L) > ¢,.

Proof. By Lemmas 8.10 and 8.11 (2), for every f with w(f) = 0 and || f|]2 = 1,
IPfII5 < ClIfll2e™2"
Following F.Y. Wang (2000a, Lemma 2.2), or M. Rockner and F.Y. Wang
(2001), by the spectral representation theorem, we have
1RSI = [ e )
0

00 t/s
> [/ e 2 Sd(Enf, f) (by Jensen’s inequality)
0

=PI >
Thus, | Pof[3 < [ClIF12]" e22%. Letting t — oo, we get
IPfll5 < e, w(f)=0, [fl2=1, f € L)
Since L>°(r) is dense in L?(r), we have
IPfIIE < e72%, 520, a(f)=0, [fl2=1.

Therefore, A\ > e,. 0O

Theorem 8.13.

(1) In general, if P,(x,) < m, then || || P:(e,) — 7|lvarll1 = | P — 7|5 _2/2.

(2) In the reversible case, A\; = gap(L) > &,. In particular, if & is coun-
tably generated, then 7-a.s. exponentially ergodic convergence =— L2-
exponential convergence.

(3) In the reversible case, if pas(-,-) € LY/?(), then \; = &,.

(4) In the reversible case, if pas(-,-) € L1/2(7T) and the set % of bounded

loc
functions with compact support is dense in L?(7), then \; = ¢;.
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Proof. The first assertion comes from Lemmas 8.10 and 8.11 (1). The second
one comes from Lemma 8.12. Its particular consequence then follows from
Lemma 8.9.

To prove the third assertion, by (8.6), it follows that there exists a constant
C such that || || P;(e,-) — 7||var|l1 < Ce=1t. Hence, £, > A;. Combining this
with Lemma 8.12, we indeed have A\; = ¢,.

To prove the last assertion, we follow C.R. Hwang et al. (2002). From
(8.6), we have seen that if the process has L?-exponential convergence, then
(8.4) holds with C € Lllo/f(ﬁ) by assumption. Under this condition, as in
(8.7), we have

I(P: =) fII3 < (f, (Pae — ) f)
< ||f||oo/7f(dr)|f(w)H|Pzt = [ var

<IFI% / r(dz)C(z)e 2!
supp (f)
=: Cfe—251t7 fex.

The constant C'y can be removed, as we did in the proof of Lemma 8.12, by
using the denseness of .#". Therefore, we have A\; > ¢,. Combining this with
Theorem 8.8 (2), we obtain the last assertion. [

Refer also to F.Y. Wang (2002) for related estimates.



Chapter 9

Reaction—Diffusion
Processes

This chapter surveys the main progress made in the past twenty years or so in
the study of reaction—diffusion (RD) processes. The processes are motivated
from some typical models in modern nonequilibrium statistical physics and are
an important class of interacting particle systems, which is currently an active
research field in probability theory, mathematical physics, and chemistry. The
models are concrete, but as a part of infinite-dimensional mathematics, the
topic is quite hard. It is explained how new problems arise and how some new
ideas and new mathematical tools are introduced. Surprisingly, the mathe-
matical tools produced from studying these simple models then turn out to
have a number of powerful applications not only in probability theory but
also in other branches of mathematics. Nevertheless, the story is still far from
finished, and some important open problems are proposed for further study.

The chapter consists of five sections. We begin with an introduction of
the models (Section 9.1). Then we turn to the finite-dimensional case, in
which the processes are indeed Markov chains (Section 9.2). This study leads
to a powerful criterion for the uniqueness of Markov chains. The infinite-
dimensional processes are constructed in Section 9.3. The main tool for the
construction is the coupling methods discussed in Chapter 2. The existence
of the stationary distribution, the ergodicity of the processes, and the phase
transitions for several models are discussed in Section 9.4. Again, the coupling
methods play a key role in our study of ergodicity. In the last section, the
relation between the RD processes and RD equations (hydrodynamic limits)
and their interaction are studied.

A more complete exploration of RD processes can be found in Part IV of
the book by Chen (1992a).
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9.1 The models

Let S = Z%, the d-dimensional lattice. Consider a chemical reaction in a
container. Divide the container into small vessels, imagining each v € S as a
small vessel in which there is a reaction. The reaction is described by some
Markov chains (MCs) with Q-matrices Q. = (qu(i,Jj) : 4,j € Z4), u € S.
That is, the rate of the MC in u jumping from 4 to j # i is given by (4, 7).
Throughout the chapter, we consider only a totally stable and conservative
Q-matrix: —qu(i,9) = >2;; qu(i,j) < oo for all i € Zy. Thus, the reaction
part of the formal generator of the process is as follows:

Qrf(l’):z Z Qu(IU7Iu+k)[f(x+keu)*f(m)]v

uweS kez\{0}

where e, is the element in F := Zi whose value at site u is equal to one,
and the values at other sites are zero. Moreover, we have used the following
convention: ¢,(i,7) =0 fori € Zy, j ¢ Z+, and u € S. Mathematically, one
may regard x, as the uth component of x in the product space Zf_. The other
part of the generator of the process consists of diffusions between the vessels,
which are described by a transition probability matrix (p(u,v) : u,v € S) and
a function ¢, (u € S) on Z,. For instance, if there are k particles in u, then
the rate function of the diffusion from w to v is ¢, (k)p(u, v), where ¢, satisfies

ey 20, cu(0) =0, u€eS. (9.1)

Thus, the diffusion part of the formal generator becomes
Qdf(x) = Z cu(:ru)p(u,v)[f(:r — €yt ev) - f(iﬂ)}
u,vES

Finally, the whole formal generator of the process is Q = Q, + Q4. A simple
description of the models is given by Figure 9.1.

< 7+ Container S = Z¢
=7 .. Small vessels: reactions

/_ SR -.. Diffusions

State space E = (ZT)S

Figure 9.1 The models of reaction—diffusion processes

Sometimes, it is more convenient to lift the spin spaces (regarded as
“fibers”). Then we have Figure 9.2.
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=77 Fibers: Z7'. Reactions

Connections: Diffusions

rd
v

Base space: S = Z¢

Figure 9.2 Informal interpretation: dynamics of infinite-dimensional
fiber bundle

Example 9.1 (Polynomial model). The diffusion rates are described by ¢, (k) =
k and p(u,v), which is the simple random walk on Z?. The reaction rates are of
birth—death type:

o mo+1
qu(k,k+1):bk:25jk(j)7 qulk,k—1) = ay = Z 5k,
Jj=0 j=1

where k) = k(k —1)---(k—j+1), Bj, §; = 0 and Bo, By 01, Omge+1 > 0.
In particular, we have the following example.

Example 9.2. (1). Schlogl’s first model: mo = 1.
(2). Schlogl’s second model: mo = 2 but 81 = d2 = 0.

All these examples have a single type of particle and so the number of
particles is valued in Z;. If we consider two types of particles, then the
reaction part becomes a Markov chain valued in Zi. Here is a typical example.

Example 9.3 (Brusselator model). For each type of particle, the diffusion part
of the formal generator is the same as in Example 9.1. As for the reaction part,
the MC has the following transition behavior:

Z23> (i, j) — (i+1,j) at rate )\
—(i—1,7) at rate  \4i
— (i—1,741) atrate Ao
— (i+1,7—1) atrate Agi(i —1)j/2,

where the \;'s are positive constants.
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These examples are typical models in nonequilibrium statistical physics.
Refer to Chen (1986b) or Chen (1992a, Part IV) for more information about
the background and references. Fifteen models are treated in these books.
The author learned about the models from Prof. S.J. Yan in 1980.

9.2 Finite-dimensional case

Replacing S = Z? with a finite set S (which is fixed in this section) in the
above definitions of 2, and 4, the corresponding processes are simply MCs,
since the state space E = Zi (or (Zi)s) is countable. At the beginning, one
may think this step can be ignored, because there already is a well-developed
theory of MCs. However, the object is not so easy as it stands. Indeed, we
did not know how to prove the uniqueness of the MCs for several years. The
usual criterion for the uniqueness says that the equations

S
(A= Qu(z) =0, 0 <u(z) <1, r €77,

have only the trivial solution zero for some (equivalently, for all) A > 0. It
should be clear that the equations are quite hard to handle, especially in
higher dimensions. The criterion does not take the geometry of the MC into
account.

To overcome this difficulty, we regard the set {z : > gz, = n} as a
single point n (n > 0). Construct a single birth process (i.e., when k > 0,
gii+r > 0 iff £ = 1 but there is no restriction on the death rates ¢;; for all
j <) on Z; that dominates the original process. See Figure 9.3.

Zy E,:={x:)  cgtu=n} —n

o3 = MaAXyep, ). p, Rate(y—2)

o1 = Minyep, ) .. p, Rate(y—z)

A/

A

Single birth processes:

)/
N
+

01 2 3 --- Givn > 0ifn=1

Figure 9.3 Reduce higher dimensions to dimension one

Since for single birth processes we do have a computable criterion for unique-
ness (cf. Section 5.5), then we can prove the uniqueness of the original pro-
cesses by a comparison argument. This and related results are presented in
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S.J. Yan and Chen (1986). See also Chen (1999d) for some improvements and
Sections 5.5 and 5.6 for additional results. By using an approximation of the
processes with bounded rates (in this case, the process is always unique), a
more general uniqueness result (even for Markov jump processes on general

state spaces) was proved in Chen (1986a). The following result is also included
in Chen (1986b; 1991¢; 1992a).

Theorem 9.4. Let Q = (gi;) be a Q-matrix on a countable set E. Suppose
that there exist a sequence {E,, }5°, a constant ¢ € R, and a nonnegative function
 such that

(1) B, T E, supep, (—qi) < oo foralln>1,
(2) limn_,oo infigEn ©p; = 00, and
(3) 22 aij(pj — i) S cpjforallie E.
Then the process (MC) is unique (i.e., the minimal process is nonexplosive).

To justify the power of the theorem, for Examples 9.1 and 9.2, simply
take p(x) = c[l + 3 cg@u] and B, = {2 : > gz, < n} for some suitable
constant c¢. A slight modification works also for Example 9.3. Indeed, it can
be proved that the conditions of the theorem are also necessary for the single
birth processes [see Chen (1986b) or Chen (1992a, Remark 3.20)], and up to
now we do not know any counterexample for which the process is unique but
the conditions of Theorem 9.4 fail. The theorem now has a very wide range
of applications. For instance, it is a basic result used in the study of RD
processes. Here is a long list of publications:

M. Bebbington et al. (1995), C. Boldrighini et al. (1987), Chen (1985b;
1987; 1989¢; 1991d; 1994¢), Chen, W.D. Ding and D.J. Zhu (1994),
Chen, L.P. Huang and X.J. Xu (1991) A. DeMasi and E. Presutti (1992),
W.D. Ding, R. Durrett and T.M. Liggett (1990), W.D. Ding and X.G.
Zheng (1989), D. Han (1990; 1991; 1992; 1995), L.P. Huang (1987), Y.
Li (1991; 1995), J.S. Lii (1997), T.S. Mountford (1992), C. Neuhauser
(1990), A. Perrut (2000), T. Shiga (1988), X.G. Zheng and W.D. Ding
(1987), S.Z. Tang (1985).

For the mean field models, see

D.A. Dawson and X.G. Zheng (1991), S. Feng (1994a; 1994b; 1995), S.
Feng and X.G. Zheng (1992).

These will be discussed later. The theorem was used in R.R. Chen (1997b)
to study an extended class of branching processes, and it was actually a key
in J.S. Song (1988) to study Markov decision programming in the unbounded
case. The theorem is also included in the book by W.J. Anderson (1991,
Corollary 2.2.16) and is followed with some extension by the following:

K. Hamza and F.C. Klebaner (1995), G. Kersting and F.C. Klebaner
(1995), S.P. Meyn and R.L. Tweedie (1993a).
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The generalization of Theorem 9.4 to general state spaces given in Chen
(19864a) is also meaningful in quantum mechanics, refer to A. Konstantinov
et al. (1990) and references within.

Sketch of the proof of Theorem 9.4. Instead of (p;;(t)), we use its Laplace
transform: p;;(A) = [ pij(t)e *dt. The advantage of this is to reduce an
integral equation to an algebraic one.

(a) Let q(n) = ¢;jlIp, (i) for i # j and q( " = Z]#qu) Then, from

1]
condition (1), it follows that sup, ¢ ( ) < 0o, and so there is uniquely a Q-

(PE;)()‘)) Next, 1feplaCing ¢ with ¢y = ¢V 0, condition (3)

process P, () =
also holds for @Q,, = (ql(J )) Because (pgb)(/\) NS E) is the minimal solution

to the backward Kolmogorov equation

(n) 5o
Tr; = Z qzk (n) + Y (n)’ Z € E‘7
k#i )‘+qz )‘+q7,

by the linear combination theorem (Theorem 5.17), (Z p(n)( ANej i € E)
is the minimal solution to the equation

(n)
o ik 2
Ty = Z (rL) )\ +q; :

wti AT G
By condition (3), we have
i >y i . 4 A>c
)\_c+/k;éi)‘+qz(n) A=er Atq "

[ = A +aei =Y aeor + o — ey
ki

Then, the comparison theorem (Theorem 5.16) gives us

Zp(”) )p; < P <, A>cy.
)\—C+

(b) Denote by (pj5™(A) : i € E) the minimal solution to the backward
Kolmogorov equation

dik 5ij .
, 1€ b
Z)A—qz A qi

By the linear combination theorem, (pf™()) := ZjeApi’]lm()\) :i € E) is the
minimal solution to the equation

Z qik diA
Py AL
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where §;4 = 1 if i € A and §; 4 = 0 otherwise.
When ¢ € E,, for all A C E,,, we have

mln qik mln 5iA qik min 67)14
pia”( Z (A) + :Z —Pia (A + —— -
k;éz)\ ' k;si/\JF%() At g™

On the other hand, for i ¢ E,,, we have
(n)

min ik min 6iA
k;éi)‘+qg) )\‘H]E)

By the comparison theorem again, we get
PN = (), i€ B, AC E,.
(c) Finally, by (b) and (a), we have

ApIEE(N) > /\pl(-zl ) =1- 2" (V) (since (pgl)(/\)) is nonexplosive)

~ X M (N)g; [ inf g
> v / nf ¢
J#En
Ap; 1
2 1-— : 14 . 5 A > C.
infigp, i A—cy

Letting n — oo, by condition (2), it follows that Api®()\) > 1. This implies
the uniqueness as required. [

We have seen how the models led us to resolve one of the classical problems
for MCs and produce some effective results. Some new solutions to the recur-
rence and positive recurrence problems are also given in S.J. Yan and Chen
(1986), Chen (1986b), and Chen (1992a, Chapter 4). However, the positive
recurrence for the Brusselator model was proved only in 1991 by D. Han in
the case of d = 1, and by J.W. Chen (1995) for the general finite-dimensional
situation [cf. Chen (1992a, Example 4.50)]. From the papers listed above,
one can see again a number of applications of these results, but we are not
going into details here. In conclusion, the finite-dimensional Schlégl’s and
Brusselator models are all ergodic and so have no phase transitions. Thus, in
order to study the phase transition phenomena for these systems, we have to
go to the infinite-dimensional setup.

Before going further, let us compare the above models with the famous
Ising model (cf. Section B.1).

e The state space E = {71,+1}Zd for the Ising model is compact, but

for Schlogl’s models, the state space E = Zfd is neither compact nor
locally compact.
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e The Ising model is reversible, its local Gibbs distributions are explicit.
But the Schlégl’s models has no such advantages except a very special
case.

e The Ising model has at least one stationary distribution, since every
Feller process with compact state space does. But for noncompact case,
the conclusion may not be true.

e The generator of the Ising model is locally bounded but it is not so for
the Schlogl’s models.

In summary, we have Table 9.1.

Table 9.1 Comparison of Ising model and Schlogl models

Comparison Ising model Schlégl model
_ z? z¢ .
Space {-1.+1} Z
compact not locally compact
System equilibl'rium nqnequilil?rium
reversible irreversible
t locally bounded
Operator locally bounded not focally bounde
and nonlinear
Stationary always exists and ?
distribution locally explicit locally no expression

From these facts, it should be clear that the Ising model and the Schlogl’s
models are very different.

9.3 Construction of the processes

The diffusion part of the operator for RD processes cannot be ignored; other-
wise, there is no interaction, and then the processes are simply the indepen-
dent product of the classical MCs. If we forget the reaction part, then the
processes are reduced to the well-known zero range processes, for which the
construction was completed step by step by several authors. In a special case,
the process was first constructed by R. Holley (1970), and the general case was
done by T.M. Liggett (1973). Then, E.D. Andjel (1982), T.M. Liggett, and
F. Spitzer (1981) simplified the construction. For all the models considered
in the last quoted paper, the coefficients of the operator are assumed to be
locally bounded and linear. Thus, even in this simpler case, the construction
is still not simple.

A standard tool in constructing Markov processes is semigroup theory,
as was used by T.M. Liggett (1985) to construct a large class of interacting
particle systems. However, the theory is not suitable in the present situation.
Even if one has a semigroup at hand, it is still quite a distance to construct the
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process, since in our case we do not have the Riesz representation theorem for
constructing the transition probability kernel. Moreover, from the author’s
knowledge, since the state space is so poor, the usual weak convergence (even
on the path space) is not effective for the construction. What we adopt is a
stronger convergence.

Recall that for two given probability measures P and P> on a measurable
state space (F, &), a coupling of P, and P; is a probability measure P on the
product space (E x E, & x &) having the marginality P(A x E) = P;(A) and
P(E x A) = Py(A) for all A € & Next, assume that (E, p, &) is a metric
space with distance p. The Wasserstein distance W (Py, Py) of Py and Ps is
defined by

W (Py, P,) = inf / play, z5) P(dzy, dz,), (9.2)
P JE2
where P varies over all couplings of P, and Ps. Refer to Section 2.2 and Chen
(1992a, Chapter 5) for further properties of the Wasserstein distance.

Now our strategy goes as follows. Take a sequence of finite subsets {A,,}
of S = Z% A, 1 S. Using A,, instead of S, we obtain an MC P, (t,,-) as
mentioned in the last section. For each n < m, one may regard P,(¢,x,")
as an MC on the larger space E,, := Z?f“’ and hence for fixed ¢t > 0 and
x € Ep, the distance W (P, (t,,-), Py (t,x,)) of P,(t,z,-) and P, (t,z,) is
well defined. Clearly, one key step in our construction is to prove that

W(P,(t,x,), Pn(t,xz,-)) — 0 as m, n— oo. (9.3)

Certainly, there is no hope of computing exactly the W-distance, since
P, (t,x,) is not explicitly known. In virtue of (9.3), we need only an upper
bound of the distance, and moreover, it follows from (9.2) that every coupling
gives us such a bound. The problem is that a coupling measure of P, (¢, z,-)
and P, (t,z,-) for fixed t and « is still not easy to construct, again due to the
fact that these marginal measures are not known explicitly. What we know
is mainly the operators (2,, obtained from € but replacing Z?¢ with A,,. Thus,
in order to get some practical coupling, it is natural to restrict ourselves to
the Markovian coupling; i.e., the coupling process itself is again an MC. This
analysis leads us to explore a theory of couplings for time-continuous Markov
processes, which dates back to Chen (1984).

Since then, we have gone a long way in the field: from MC to general
jump processes [Chen (1986a)], from discrete state spaces to continuous spaces
[Chen and S.F. Li (1989)], from Markovian couplings to optimal Markovian
couplings [Chen (1994a; 1994b)], from exponential convergence to the esti-
mation of spectral gap [Chen and F.Y. Wang (1993b), Chen (1994a)], from
compact manifolds to noncompact ones [Chen and F.Y. Wang (1995; 1997a;
1997b)], and from finite dimensions to infinite ones [Chen (1987; 1989c¢; 1991d;
1994c), F.Y. Wang (1994c; 1995; 1996)]. No doubt, the coupling methods are
now a powerful tool and have many applications. The story of our study of
couplings is presented in Chapter 2.
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We now return to our main construction. We will restrict ourselves to a
single reactant for a while. Let (k) be a positive summable sequence and set

Ey = {x eE: || := quku < oo},

u€eS

i.e., an L-subspace of E with respect to (k,). Roughly speaking, the key to
our construction (which is rather lengthy and technical) is to get the following
estimates:

(E.1) Pu(O)] - I(x) < (1 + [|lz])e’, x € Eo, and
(E.2) W ( P,(t,x,"), Pn(t,x,")) < c(t,An,z;n,m), € Ey,

where ¢ is a constant, independent of n, c(t, A,, z;n,m) € R, satisfy

lim  c¢(t, Ap, x;n,m) =0,
m>=n— oo
and Wy is the Wasserstein distance restricted to ZK, with respect to the
underlying distance ),y [#u — Yu|ku. The second condition (E.2) shows
that {Pn (t,z,") :n > 1} is a Cauchy sequence in the Wy -distance (for each
fixed finite V). Noting that our operators are not locally bounded and the
particles from infinite sites may move to a single site, the process may explode
at some single site. This explains why we use Ej instead of E. Then, the first
moment condition (E.1) ensures that Fj is a closed set of the process. Finally,
in order to prove that the limiting process satisfies the Chapman—-Kolmogorov
equation, some kind of uniform control in the second condition is also needed.
To state our main result, we need some assumptions:

su u,v) < 00, 9.4
Upzu:p( ) (9-4)
un(i,i + k)|k| < oo, u€es, (9.5)
k#0
sup |ey (k) — cu(k+1)] < oo, (9.6)
k,u
sup {gu(j17j2) + hu(j1,J2) : w €S, j2 > j1 = 0} < o0, (9.7)
where
gu(i1,2) = —— (a2, d2 + k) = qu(r. s + )k, G2 > 1 >0,
J2 I,
o 2 o L e +
hu(j1,j2) = —— > [(Qu(]%ﬁ — k) — qu(j1, 251 — j2 — k)
J2 =D

 (@u(rsde +F) = aulia 202 = 1+ 0) |k 2> >0
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Conditions (9.1), (9.4), and (9.5) are natural. For instance, when p(u,v) is
the simple random walk, (9.4) becomes trivial. However, conditions (9.6) and
(9.7) are essential in this construction; they are keys to the estimates (E.1) and
(E.2) mentioned above and also to the study of mean field models discussed
below. To get a feeling for condition (9.7), let us explain the coupling adopted
to deduce (E.2). For the diffusion part, in the box A,,, we use the coupling of
marching soldiers. For each pair {u,v},u,v € A,, let

(I, y) - (‘r —eytey, Yy—ey+ ev) at rate p(ua U) (Cu(zu) A Cu(yu))
— (r—ey+ ey, Y) at rate p(u,v)(

— (z,y—ey+ey) at rate p(u,v)(cu(yu) — culu))

In the box A, \ Ay, since (z, : w € Ay, \ Ay) is absorbed, the second process
(yu) evolves alone. That is, for each u € A,, and v € A, \ A,,, take

(Q?, y) - (.T7 Y—eé€y + ev) at rate p(u7v>cu(yu)'

Conversely, for u € Ay, \ A, and v € A,,, we have the same evolution as
in the last line. Moreover, for different pairs, the couplings are taken to be
independent. In other words, we have the coupling operator Qi,m for the
diffusion part as follows:

QL f(,y)
= Z p(u,v) (CU(ZEU) A CU(yU))[f(x — eyt ey, y—eutey) = f(z,9)]

u,vEA,

+ 3 puv)(cu(ma) = culyn) (@ — ew+ ew, y) = Fz,9)]

u,VEA,

+ 3 plu,v) (culya) — culza)) TIf (@, y — e+ e0) — Flz,)]

w,WEA,

+ Z p(u, v)eu(yu)[f (2, y — ew +e0) — f(2,9)]

UWEAN,, VEA, \Ap

+ Z p(u, v)eu(yu)[f (2, y — ew +en) — f(2,9)].

UEN, \An s VEA,

For the reaction part, in the box A,, we also use the coupling of marching
soldiers. For each u € A,,, let

(z,y) — (z+kew, y+ke,) atrate qu(Tu,Tu + k) A Gu(Yu, Yu + k)
— (x4 keu, y) at rate (qu(Tus Tu + k) = Gu(Yus yu + 5)) "
— (x, y+key) at rate (qu(yu, Yu + k) — qu(Tu, Ty + k))+

Again, for each u € A,, \ A,, let the second process (y,,) evolve alone:

(z,y) — (z, y + key,) at rate qu(Yu,yu + k).
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Finally, for the reaction part, let each component evolve independently. Thus,
we have defined a coupling operator €7, ,,, for the reaction part. Then the
whole coupling of the operators 2,,, and €2,, is defined by ﬁn,m = ﬁfhm +§~2;7m.
Computing the action of the coupling operator on the distance in Zﬁm, we get
condition (9.7) and an estimate for (E.2). The computations are rather long
and technical; only a part of them are illustrated at the end of this chapter.
Refer to Chen (1992a, Chapter 13) for details.

The next result is due to Chen (1985b), first reported at the Second Inter-
national Conference on Random Fields, Hungary, 1984. See also Chen (1987,
1986b, 1992a) for more general results.

Theorem 9.5. Denote by &, the Borel o-algebra generated by the distance || - ||
on Ey. Under (9.1) and (9.4)—(9.7), there exists a Markov process on (Ey, &),
and the corresponding semigroup (P;) maps the set of Lipschitz functions on Ey
with respect to || - || into itself. Moreover, for every Lipschitz function f on Ejp,
the derivative of P, f at the origin coincides with €2f in a dense set of Ej.

It is now a simple matter to justify the assumptions of Theorem 9.5 for
Examples 9.1 and 9.2. However, up to now, we do not know how to choose
a distance so that our general theorem [Chen (1987; 1986b; 1992a)] can be
applied to obtain a Lipschitz semigroup for Example 9.3. In the case where the
diffusion rates are bounded or growing at most as fast as logz,, an infinite-
dimensional process corresponding to Example 9.3 was constructed by S.Z.
Tang (1985) [see also Chen (1992a, Example 13.38)] and D. Han (1990; 1992;
1995). For the mean field models, the problem was solved by S. Feng (1995).
In the latter papers, the martingale approach was adopted but not the analytic
one used here.

Open Problem 9.6. Construct a Markov process for the Brusselator model.

The next result is due to Y. Li (1991), which improves the author’s one in
(1991d).

Theorem 9.7. Under the same assumptions as in Theorem 9.5, if additionally,

Sup »  qu(i,i+ k) [(i + k)™ —i™] < constant (1 +i™),  i€Zy (9.8)
Y k£0

for some m > 1, then the process constructed by Theorem 9.5 is also unique.

The proof of Theorem 9.7 is also nontrivial. It uses an infinite-dimensional
version of the maximum principle, due to S.Z. Tang (1985) and Y. Li (1991).
This is the third mathematical tool developed from the study of RD processes.
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9.4 Ergodicity and phase transitions

Existence of stationary distributions

When the state space is compact, it is known that every Feller process has a
stationary distribution. But for the noncompact case, there is no such general
theorem, and so one needs to work things out case by case. The next result
is a particular case of Chen (1986b; 1992a). See also L.P. Huang (1987).

Theorem 9.8. There always exists at least one stationary distribution for the
polynomial model.

The intuition for the result is quite clear. Since the order of the death rate
is higher than the birth one, the number of particles at each site is kept to be
nearly bounded, and then we may return to the compact situation. However,
the proof depends heavily on the construction of the process. We will not go
into the details here.

Ergodicity

There are two cases: the general case and the reversible case.

(a) General case. By using the coupling methods again, some general
sufficient conditions for the ergodicity of the processes were presented in Chen
(1986b; 1989c). The result was then improved in C. Neuhauser (1990) and
further improved in Chen (1990). In the case that the coefficients of the
operator are translation-invariant and with an absorbing state, some refined
results are given in Y. Li (1995). A particular result from Chen (1990) can
be stated as follows.

Theorem 9.9. For the polynomial model, when (1, ..., Bm, and 01, ..., 0mq+1
are fixed, the processes are exponentially ergodic, uniformly in the initial points,
for all large enough (.

We will come back to this topic at the end of this chapter (Theorems 9.18
and 9.19).

(b) Reversible case. When the reaction part is a birth—death process with
birth rates b(k) and death rates a(k), the RD process is reversible iff p(u,v) =
p(v,u) and (k + 1)b(k)/a(k) = constant, independent of k [cf. Chen, W.D.
Ding, and D.J. Zhu (1994)].

The next result is due to W.D. Ding, R. Durrett, and T.M. Liggett (1990).

Theorem 9.10. For the reversible polynomial model, the processes are always
ergodic.

The proof of the result is a nice illustration of the application of the free
energy method. It also uses the power of the monotonicity of the processes.
The result was then extended by Chen, W.D. Ding, and D.J. Zhu (1994) to
the nonpolynomial case.
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If we replace Gy, 61 > 0 with By = §; = 0, then we obtain two stationary
distributions; one is trivial and the other one is nontrivial. The question is
whether starting from a nontrivial initial distribution, the process converges
to the nontrivial stationary distribution (ergodic). The affirmative assertion is
called Shiga’s conjecture (T. Shiga (1988)), which was solved by T.S. Mount-
ford (1992).

Theorem 9.11. For the reversible polynomial model with 5y = §; = 0, under
mild assumptions, Shiga's conjecture is correct.

Phase transitions

(a) RD processes with absorbing state. The following result was first proved by
Y. Li and X.G. Zheng (1988) using a colored graphic representation, and then
simplified by R. Durrett (1988) using oriented percolation [see Chen (1992a,
Theorem 15.8)].

Theorem 9.12. Take S = Z. Consider the RD process with birth rates b(k) =
Ak, arbitrary death rates a(k) > 0(k > 1), and diffusion coefficient 2, p(u, v),
where p(u,v) is the simple random walk. Then for the process X°(t) starting
from 2%: 2§ =1 and 2% = 0 for all u # 0, we have

inf{\ : P[X°(t) £ 0 for all t > 0] > 0} < ooc.
In other words, for some A > 0, there exists a nontrivial stationary distribution.

(b) Mean field models. In statistical physics, one often studies the mean
field models as simplified approximations of the original ones. It is usually a
common phenomenon that with the mean field models it is easier to exhibit
phase transitions. Roughly speaking, the mean field model of an RD process
is the time-inhomogeneous birth—death process on Z; with death rates a(k) as
usual but with birth rates b(k) +EX (t), where (X (¢)):>0 denotes the process.
The term EX (¢) represents the interaction of the particle at the present site
with the particles at the other sites in the original models. The next result is
due to S. Feng and X.G. Zheng (1992).

Theorem 9.13. For the mean field of the second Schlogl model, there always
exists at least one stationary distribution. There is precise one if §1,d3 > 1 and
there are more than two if 1 < 01 < \/1/2+ (262 +1)/(361 + 685) and 3y is
small enough.

For more information about mean field models, refer to D.A. Dawson and
X.G. Zheng (1991), S. Feng (1994a; 1994b; 1995), S. Feng and X.G. Zheng
(1992). In B. Djehiche and I. Kaj (1995), the models are treated as a measure-
valued process.

Finally, we mention another model, the linear growth model that exhibits
phase transitions; refer to W.D. Ding and X.G. Zheng (1989). However, we
are still unable to solve the following problem.
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Open Problem 9.14. Does there exist more than one stationary distribution
for the polynomial model with no absorbing states?

The last phrase means that Sy > 0. In physics, this represents an exchange
of energy between inside and outside (nonequilibrium). From the mathema-
tical point of view, there is an essential difference between By = 0 and Gy > 0.
For instance, when o = 0, the process restricted to {z : >, z, < oo} is
simply an MC, but this is no longer true when gy > 0.

Because the RD processes are quite involved, partially due to the non-
compactness of the state space, one may construct some similar models with
finite spin space to simplify the problem. There are many publications in this
direction. Refer to R. Durrett and S. Levin (1994), R. Durrett (1995), R.
Durrett and C. Neuhauser (1994), and references therein.

9.5 Hydrodynamic limits

Consider again the polynomial model. However, we now study the process
with the rescaled operator QF = £72Qy + Q,. Our main purpose is to look
for the limiting behavior of the scaling processes as ¢ — 0. To do so, let
pf(e > 0) be the independent product of the Poisson measures for which
pe () = p(eu), u € Z%, where p is a nonnegative, bounded C?(R9) function
with bounded first derivative.

Denote by Ej,- the expectation of the process with formal generator (2 and
initial distribution p®. The next result is due to C. Boldrighini, A. DeMasi,
A. Pellegrinotti, and E. Presutti (1987) [See Chen (1992a, Theorem 16.1)].
Refer also to T. Funaki (1997; 1999), J.F. Feng (1996), and A. Perrut (2000).

Theorem 9.15. Forallr = (r!,....r%) € R and t > 0, the limit f(¢,7) :=
lime o Ef X[y (t), where [r/e] = ([r'/e],...,[r?/e]) € 2%, exists and satisfies
the RD equation

2 mo—+1

+Zﬂ]f] ; 2 (9.9)

1d
51521
F(0.7) = p(r).

This result explains the relation between the RD process and RD equa-
tion, and it is indeed the original reason why the processes were named RD
processes in Chen (1985b). Certainly, at that time, a result like Theorem
9.15 did not exist, we had only a rough impression that the RD equations
describe the macroscopic behavior of the physical systems, and our aim was
to introduce the processes as a microscopic description of the same systems.

To give some insight into the relationships between these two subjects, we
need some notation. Let A > 0 satisfy the algebraic equation

m—+1

D BN =Y 6N =0, (9.10)
j=0 j=1
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which is the simplest solution to the first equation of (9.9). A (constant
equilibrium) solution A is called asymptotically stable if there exists a § > 0
such that for any solution f(¢,r) to (9.9), whenever |f(0,7r) — A| < §, we have
limy o0 | f(¢,7) — A = 0.

The following result is due to X.J. Xu (1991) [see Chen (1992a, Theorem
16.2)].

Theorem 9.16. Denote by \y > Ay > --- > \; the nonnegative roots of
(9.10), where A; has multiplicity m;. Then, f(¢,r) = \; is asymptotically stable
iff m; is odd and ngi_l m; is even.

All known results are consistent with the assertion that a model has no
phase transition iff every A; is asymptotically stable and it is a case of Schlégl’s
first model. This leads to the following conjecture.

Conjecture 9.17. (1). Schlogl's first model has no phase transition.
(2). Schldgl's second model has phase transitions.

To conclude this chapter, we want to show a use of the RD equation.
Note that for Schlogl’s second model, the role played by the parameters [y
and d is not clear at all. It seems too hard and may not be necessary to
consider all of the parameters. Based on the above observation and to keep
the physical meaning, we fix §2 = 6a (a > 0), 1 = 9, and d3 = . Then,
when fy € (0,4a), there are three roots Ay > Ao > A3 > 0; A1 and A3 are
asymptotically stable, but not A\o. We have thus reduced the four parameters
to only one. Now we want to know for which region of « the process can
be ergodic. The following result is based on recent progress on couplings [cf.
Chapter 2 or Chen (1994a)]; it is complementary to Theorem 9.9, and is also
the most precise information we have so far.

Theorem 9.18 (Chen, 1994c). Consider the second Schlégl model with Gy =
2a, B2 = 6, 61 = 9a, and d3 = a. Then the processes are exponentially ergodic,
uniformly in the initial points, for all a > 0.7303.

We now sketch the proof of the previous theorem. Actually, we have a
general result as follows.

Theorem 9.19. Consider the polynomial model. Let (uy) be a positive sequence
on Zy with ug =1 and @ := supyq ux < 00. Set u* = sup;;>o(u; — u;) V0.
Suppose that there exists an ¢ > 0 such that

brr1ug4+1 — (bk+ak+1+k+1—5)uk + (a;ﬁ—k)uk,l +u+ ku* <0, k>0,

where @, = 0 and u_; = 1. Then the reaction—diffusion processes are exponen-
tially ergodic, uniformly in the initial points.

Sketch of the proof. (a) Define a distance in Z as follows:

PILTRD LY

<k <t

p(k7£): ) ka£€Z+-
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By Theorem 2.28, for birth—death processes, the couplings mentioned in Chap-
ter 2, except the independent one, are all p-optimal. Thus, we now adopt
the simplest classical coupling. Denote by €2, the coupling operator of the
reaction—diffusion processes, that is, using the classical coupling for each com-
ponent of the reaction part, but for the diffusion part still using the coupling
of marching soldiers mentioned in Section 9.3. Fix = < y and v € S, and
write x, =1 < j = y,. We have

Qepli, j) = { = biwi + ajuiy +bjuy — ajuj 1} sy — (5 — )uja
—i(uj_1 —ui—1) + Z(yv — xy)p(v, w)u; + Z%p(”a w)(u; — w;)

= {b-uj — blu — (a]‘ +j)u]~,1 + ((IZ' +Z Uifl}l{j i>1}

+Z v — Tp)D Uuu]JrZ:Z:vpvu)(u]—uz)

v

The last term on the right-hand side appears because p is not translation-
invariant. Now, by assumption, we have

{bju; —boui — (aj + jluj—1 + (@i + i)ui1 P iiz1y
-1

= Z {(bes1ugsy = beug) — [(agqy + €+ Dug — (ag+ Ouy_4] }
=i

<_EZW (J—d)u—(j—i)iu"

< *ep(w) —(J—i)u—iu”

On the other hand, by the order preservation of the coupling and the transla-
tion invariance of the processes, for every translation-invariant x and y with
r <y, we have

ZIE””y(YU(t) - Xv(t)) (v,u uY )+ ZE”’X )(uyu(t) - uXu(t))
SAE™Y (Yo (1) — Xu(t)) + w ESY X, (1).

Collecting the above estimates, replacing 7 and j by X, and Y,,, respectively,
we arrive at

WV
o

Er000p(Xu(t), Yul)) < —eB™0p(X, (1), Ya(t)), ¢
By Gronwall’s lemma or Lemma A.6, this gives us

E™Yp(X,(t), Yu(t)) SE™p(X,(1),Y,(1))e ", ¢

WV
o

for every translation-invariant « and y.
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(b) The reason we use the time ¢ = 1 as initial value rather than ¢t = 0 is
the first moment estimate

E* [ Xu(t)™] < @m(t) < oo, t>0, meN

[cf. Chen (1992a, Lemma 14.12)]. Thus, we can extend the initial state to
be oo everywhere. Let (X[) be the process starting from (z, = n,u € Z%).
Then, by (a), we obtain

Ep(X2(t), Y2 (1) < Ep(X2(1), Y °(1))e ™,  t>0.

This certainly implies the ergodicity of the process, because of the transla-
tion invariance and monotonicity. Clearly, the convergence is exponential,
uniformly in the initial points (z,y). O

To complete the proof of Theorem 9.18, by Theorem 9.19, it remains to
choose a suitable positive sequence (u;). Regarding the reaction—diffusion
processes at a site as perturbation of the birth—death processes, it seems
natural to choose the sequence from the mimic eigenfunction that produces
the explicit criterion for exponential convergence (or equivalently, spectral
gap). More precisely, take u; = (gi+1 — 9:)/(91 — g0), ¢ = 0, where

S

j= o'uJJk =j+1

1—1

Z,Uk\/_k, cpz—z : i>0.

ub

Due to the diffusion part, one may replace the original b and ay by bx +k and
ar + k, respectively. Intuitively, this means that the interaction is ignored.
However, the resulting sequence (u;) is indeed not good enough for Theorem
9.18. Practically, we adopt a more direct and economic way to define the
sequence. Take € < 1072 and define

uy =1, U =uy =3/2+¢ (trick!),

(aks1+bp+k+1—e)ur—(ar + k)ug—1— (E+1)u;+k
br+1

Refer to Chen (1994c) for more details.

Uk4+1 = ) k 2 2.

A large number of publications of the study on hydrodynamic limits are
collected in the book by C. Kipnis and C. Landim (1999), from which one sees
that the spectral gap and the logarithmic Sobolev inequalities play a crucial
role. The spectral gap for the Ising model in dimension one was computed
explicitly by R.A. Minlos and A.G. Trishch (1994). For higher-dimensional
results, refer to A.D. Sokal and L.E. Thomas (1988), L.E. Thomas (1989),
R.H. Schonmann (1994), S.L. Lu and H.T. Yau (1993), and R.A. Minlos
(1996). For other equilibrium particle systems, here are some recent excellent
explorations: A. Guionnet and B. Zegarlinski (2003), M. Ledoux (1999; 2001),
F. Martinelli (1999), and so on. Some remarkable approaches were created or
developed in these quoted papers.



Chapter 10

Stochastic Models of
Economic Optimization

This chapter deals with some stochastic models of economic optimization. Due
to their value in practice, the models are quite attractive. But our knowledge
on them is still very limited, and some fundamental problems remain open.

We begin with a short review of some global economic models (or econ-
omy on a large scale), the well-known input—output method, and L.K. Hua’s
fundamental theorem for the stability of an economy. Then we show that it
is necessary to study the stochastic models. A collapse theorem for a non-
controlling stochastic economic system is introduced. In the analysis of the
system, the products of random matrices play a crucial role. In particular,
the first eigenvalue, the corresponding eigenfunctions, and an ergodic theo-
rem of Markov chains play a nice role here. Partial proofs are included. Some
challenging open problems are also mentioned.

10.1 Input—output method

First, we fix the units of each product: kilogram, kilovolt, and so on. Denote
by z = (33‘(1), z? .. ,x(d)) the quantity of the main products in which we
are interested; it is called the vector of products. Throughout this chapter, all
vectors are row vectors.

To understand the present economy, we need to examine three things: the
input, the output, and the structure matrix. Suppose that the starting vector
of products last year was

1 .2 (d)) )

xoz(zo 2 N

For production, assume that the jth product distributed amount xl(-;)) to the
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ith product, and the vector of the products this year becomes

1) (2 d
2 = (2P, 2.
Next, set
az(.?):ojl(.?)/xgl), 1<, j<d.

The matrix Ay = (al(-?)) is called a structure matriz (or matrix of expending
coefficients). This matrix is essential, since it describes the efficiency of the
current economy: to produce one unit of the ith product, one needs ag(-)) units
of the jth product. Suppose for a moment that all the products are used for

reproduction (idealized model). Then
j 0 i) (0
.7;0(]) = E aiz(-j) = E xg)al(-j).

That is, x; = 2 Ap. Similarly, we have x,,_1 = =, A,_1 for alln > 1. Suppose
that the structure matrices are time-homogeneous: A4,, = A for all n > 0 (this
is reasonable if one considers a short time unit). Then we have a simple
expression for the nth output:

x, =ToA™", n > 1. (10.1)

Thus, once the structure matrix and the input z, are known, we may
predict the future output. This is called the input—output method or Leontief’s
method [cf. Leontief (1936; 1951; 1986)]. It is a well known method. As far
as I know, up to the 1960s, more than 100 countries had used this method in
their national economies.

10.2 L.K. Hua’s fundamental theorem

Let us return to the original equation
x, =z A7

We now fix A. Then x; is determined by x, only. The question is, which
choice of z is the optimal one? Furthermore, what sense of optimality are
we talking about? The first choice would be “average.” If someone tells you
that the average of the members’ ages in a group is twenty, you may think
that everyone in the group is a vigorous young adult, and that the group
might be a team of volleyball players. However, the group could be a nursery
school consisting of six babies and two older women who are over seventy.
The average of the ages in this group is still twenty. The misleading point is
that the variance is too big in this situation, and so the average is not a good
tool. To avoid this, we adopt the minimazx principle, i.e., finding out the best
solution among the worst cases. It is the safest strategy, and is used widely in
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optimization and game theory. In other words, we want to find x, such that

ming <j<d 371 / g ) attains the maximum below

max min x ])/Z‘
z,>0, zo=x; A 1<j<d

By using the classical Frobenius theorem, L. K. Hua (1984b, Part Il) proved
the following result.

Theorem 10.1 (L.K. Hua (1984b, Part I)).  Given an irreducible nonnegative
matrix A, let u be the (positive) left eigenvector of A, corresponding to the largest
eigenvalue p(A) of A. Then, up to a constant, the solution to the above problem
is £y = u. In this case, we have

)/33 = p(A)~! for all j.

In what follows, we call the above technique (i.e., setting x, = u) the
eigenvector method.

Next, we are going to study further the stability of economies. From (10.1),
we obtain a simple expression,

@, = wop(A) 7",

whenever z, = u. What happens if we take z; # u (up to a constant)?

Stability of an economy

For convenience, set
T* = inf {n 1: 2y = « and there is some j such that a:( 7) < O},

which is called the collapse time of the economic system.
We can now state Hua’s important result as follows.

Theorem 10.2 (L.K. Hua (1984b, Part II; 1985, Part IX)). Let A be nonneg-
ative, irreducible, invertible, and not of the form that every row and column has
one and only one positive element. Then for every z, # u, we have T%0 < oo.

In the case that the collapse time is bigger than 150 years, we do not need
to worry about the stability of the economy, since none of us will be still alive.
However, the next example shows that we are not in this situation.

Example 10.3 (L.K. Hua (1984b, Part I)).  Consider two products only:
industry and agriculture. Let

1 (20 14
A‘ﬁ(zm 12)'
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Then u = (5(v/2400 + 13) /7, 20) ~ (44.34397483, 20). For different input x,
the collapse time T is listed in Table 10.1.

Table 10.1 Input and collapse time

g T
(44, 20) 3
(44.344,20) 8
(44.34397483, 20) 13

This shows that the economy is very sensitive!

We point out that Theorem 10.2 is essential. Recall that the Frobenius
theorem and Brouwer fixed point theorem, often used in the study of eco-
nomics, do not provide any information about the collapse phenomena.

To understand Hua’s theorem, for probabilists, it is very natural to con-
sider the particular case that A = P. That is, A is a transition probability
matrix. Then, from an ergodic theorem for Markov chains (irreducible and
aperiodic), it follows that

P* —1I as n — oo,

where II is the matrix having the same row (ﬂ(l),w(2), e ,ﬂ(d)), which is
just the stationary distribution of the corresponding Markov chain. Since
the distribution is the only stable solution for the chain, it should have some
meaning in economics even though the economic model goes in a converse
way:

z, =z, P7", n > 1.

From the above facts, it is not difficult to prove, as shown in the next para-
graph, that if
Ty F U= (7‘['(1),7'('(2), e ,W(d))

up to a positive constant, then T%0 < oo. Next, since the general case can be
reduced to the above particular case, we think that this is a very natural way
to understand Hua’s theorem.

Proof of Theorem 10.2 [L.K. Hua (1984b, Part IX) and Chen (1992b, Part
).

(a) First, consider the special case that A = P. We need to show that if
o 7# T up to a positive constant and d > 2, we must have z,, ¥ 0 for some n.
In other words, if x,, > 0 for all n, then zy, = .

Let z, > 0 be normalized such that xy1* = 1, where 1* is the column
vector having components 1 everywhere. Because zy = z,A” = z,P" and
P1* = 1%, we have

l=zy1l* =2, P"1" =z,17, n > 1.
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Since the set {x : > 0, z1* = 1} is compact, there exists a subsequence
{2, }r>1 and a vector Z such that

klim Tp, =7, z >0, zl* = 1.
Ly,

Therefore
zo = (g P™" )P =z, P — 2l = 21" = .

Thus, we must have z, = 7.

(b) For general nonnegative primitive (irreducible and aperiodic) A, by
F.R. Gantmacher (1989, Chapter 13, Section 6) or L.K. Hua (1984a, Chapter
9, Sections 2—4), there exists a diagonal matrix D with positive diagonals such
that A = p(A)D~1PD, and so we are done.

(c) Finally, assume that A has periodic r. That is, there are r eigenvalues
{A\;} with the same modulus |A;| = p(A). Then A can be represented as
(cyclic decomposition)

0 Ap O 0
0 0 Ao 0
A 0 0 0

where the A;;’s are s X s (d = rs) matrices, since A is invertible. The case that
s = 1is exceptional, since then A=! > 0. This is ruled out by the last assump-
tion of the theorem. Thus s > 1. Then, we have A" = diag[B1, Bo, ..., B,],
where each Bj; is primitive. Without loss of generality, assume that p(A4) = 1.
Then p(B;) =1 for all j. According to (b), there exist a diagonal matrix D;,
transition probability matrix P;, and stationary distribution 7 such that
Bj = D;'P;D;, and

n —1pn — 1% j
B} =D;'PrD; — D;'1:79D;, n— oo,

where 1} is the column vector with s elements 1. Replacing A with A"
and renormalizing the vector z := (2™, 23 ... 2(") by a:(j)Dj_IIlj =1 for
all 1 < j < r, the same argument in (a) shows that we must have xy =
(7, ..., 70D, where D = diag[D,], once z,, > 0 for all n. Because A is
irreducible, the left eigenvector is unique. Moreover, if u = uA, then u = uA".
It is clear that the eigenvector must coincide with (77(1), el F(T))D, up to a
positive constant. [J

We have seen the crucial role played by the largest or the first eigenvalue
and its eigenvectors, for which the computations are far from nontrivial, es-
pecially for large-scale matrices, as we have seen from the previous chapters.
In the numerical computation of the largest eigenvalue, it is important to
have good initial data; this is just an application of estimation of the eigen-
value. Having the known eigenvalue at hand, the computation of eigenvectors
is easier, for which one needs only to solve a linear equation (in contrast, the
equation of the eigenvalue is polynomial).
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Economy in markets

In L.K. Hua’s eleven reports (1984-1985), he also studied some more gen-
eral economic models. But the above two theorems are the key to his idea.
The title of the reports (written in that specific period) may cause some mis-
understanding, since one may think that the theory works only for planned
economies. Actually, market economies were also treated in (Hua, 1984b, Part
VI). The only difference is that in the latter case one needs to replace the
structure matrix A with V"1AV, where V is the diagonal matrix diag(v;/p;),
(pi) is the vector of prices in the market, and (v;) is the right eigenvector of
A. Note that the eigenvalues of V1AV are the same as those of A. Corre-
sponding to the eigenvalue p(V =1 AV) = p(A), the left eigenvector of V1AV
becomes uV. Therefore, for a market economy, we have a new structure ma-
trix V"'AV and a new left eigenvector uV, which are all that we need in
Hua’s model. Thus, from a mathematical point of view, the consideration of
markets makes no essential difference in Hua’s model.

10.3 Stochastic model without consumption

In the case that randommness does not play a crucial role, one may simply
ignore it and insist on a deterministic system. Thus, we started our study by
examining the influence of a smaller random perturbation in Hua’s example:
Example 10.3.

Consider the perturbation

Qij = G5 with probability 2/3,
= a;;(1£0.01) with probability 1/6.

Let the elements a;; be independent. Taking (a;;) instead of (a;;), we get a
random matrix. Next, let {A,; n > 1} be a sequence of independent random
matrices (regarding each A,, as a vector, the independence of a sequence of
random vectors is standard) with the same distribution as above. Then z,, =
Ty HZ:I A,;l gives us a stochastic model of an economy without consumption.

Again, starting from z;, = (44.344, 20) (recall that the collapse time is 8 in
the deterministic case), then the collapse probability in the above stochastic
model is the following:

0 forn=1,
P[T% =n]=¢0.09 forn=2,
0.65 forn=23.

Surprisingly, we have P[T < 3] ~ 0.74. This observation tells us that random-
ness plays a crucial role in an economy. It also explains why the traditional
input—output is not very practicable, as people often think, because random-
ness has been ignored and so the deterministic model is far away from actual
practice.
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Now, what is the analogue of Hua’s theorem for the stochastic case?

Theorem 10.4 (Chen (1992b, Part II)).  Under some mild conditions, we
have
P[T%0 < o] =1, Y, > 0.

Note that the limit theory of products of random matrices is quite different
from that in the deterministic case (cf. P. Bougerol and J. Lacroix (1985)); the
problem is nontrivial. We have to deal with the product of random matrices

M, = A, Ap_1--A;.

As we have seen before, in the deterministic case, the leading order of M, is
H;—;l p(A;). Thus, in the random case, one may study the limiting behavior of
[1j=1 Aj/p(A;), as suggested by L.K. Hua (1984b, Part I). By Kolmogorov’s
strong law of large numbers, we have

n

1 a.s.
| A) 255 Blog p(A
- ogjznlp( ;) ogp(A1),  n— o,

once E|logp(A41)] < 0o. So we have a deterministic exponent Elog p(A;).
However, the leading order p(M,) of M, is not [[}_, p(4;), as shown by the
following result.

Theorem 10.5 (V.I. Oseledec, 1968). Let Elog™ ||A;|| < co. Then
1 a.s,
Llog M) 2 5 € (oo} UE,

where i
v = lim —Elog||M,|.
n—oo N,

Note that the Lyapunov exponent v is independent of the norms of the
matrices.

Oseledec’s theorem is the most popular result we learned from the limit
theory of products of random matrices, sometimes called the “strong law of
large numbers.” However, this result is still not enough for our purpose, since
we need more, the limiting behavior of M,, under suitable scaling. What we
adopted is a much stronger result. To state the result, we need the following
assumptions, which are analogues of the irreducible and aperiodic conditions.

(H1) A; > 0 a.s., and there exists an integer m such that
P[M,, is positive] > 0,

where M,, = A;--- A,,.
(Hs) P[A;1 has a zero row or column] = 0.
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Theorem 10.6 (H. Kesten and F. Spitzer, 1984).  Under (H;) and (Hs),
M,, > 0 for large n with probability one and M,, /|| M,,|| converges in distribution
to a positive matrix M = L* R with rank one, where [|A|| = sup; > |a;;| denotes
the norm of A = (aij), and L and R are independent, positive row vectors
satisfying the normalizing condition:

max R(i) =1, > L(j)=1. (10.2)

1<i<d

By a change of the probabilistic frame, one may replace “convergence in
distribution” by “convergence almost surely” (Skorohod’s theorem, cf. Section
2.2 or N. Tkeda and S. Watanabe (1988, page 9)). In this sense, the last result
is really the strong law of large numbers. Having these remarks in mind, the
proof of Theorem 10.4 is not difficult and is given in Section 10.5.

One may refer to A. Mukherjea (1991), H. Hennion (1997), and references
within for more recent progress on the limit theory of products of random
matrices.

10.4 Stochastic model with consumption

The model without consumption is idealized and so is not practical. For prac-
ticality one should have consumption, that is, allow a part of the production
to turn into consumption and not be used for reproduction.

Suppose that in every year we take the (") times amount of the increment
of the ith product to be consumed. Then in the first year, the vector of
products that can be used for reproduction is

Yy = 7 + (21 — 20)(I — O),

where [ is the d x d unit matrix and © = diag (9(1), 6>, ..., G(d)), which is
called a consumption matriz. Therefore

Y1 = yolAg (I - ©) + O], Yo = -

Similarly, in the nth year, the vector of the products that can be used for
reproduction is

n—1
un =1 [[[A, 5 ,(I—0)+6], n>1
k=0
Let
Bn, = [A;Lil(l - @) + @]_1.
Then

WV
—

n
-1
Yn = Yo H B, ki1 n
k=1
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We have thus obtained a stochastic model with consumption. In the determi-
nistic case, a collapse theorem was obtained by L.K. Hua (1985, Part X),
LK. Hua and S. Hua (1985). The conclusion is that the system becomes
more stable than the idealized model. More precisely, the dimension of (z;),
for which the economy will not collapse, can be greater than one. This is
consistent with our practice.

To state our result in this general case, we need some notation. Denote
by Gi(d,R) the general linear group of real invertible d x d matrices and by
O(d,R) the orthogonal matrices in GI(d,R). Next, given a family of random
matrices with distribution g, denote by ¢, the smallest closed semigroup of
Gl(d,R) containing the support of p.

Definition 10.7.

e ¢ is called strongly irreducible if there exist no proper linear subspaces of
R?, #4,..., %, such that

(U ¥)B=UF %, VBe%.

e ¢ is said to be contractive if there exists {B,,} C ¢ such that || B,|~'B,
converges to a matrix with rank one.

e We call B = Kdiag(a;)U a polar decomposition if K,U € O(d,R) and
ay =z az = - =aq>0.

Theorem 10.8 (Chen and Y. Li, 1994). Let {B,} be an i.i.d. sequence of
random matrices with common distribution p. Suppose that &, is strongly irre-
ducible and contractive and that the sequence { K} in the polar decomposition
satisfies a “tightness condition.” Then P[T* < oo] = 1 for all 2: 0 < 2 € R%.

Naturally, we have the following question.
Open Problem 10.9. How fast does the economy go to collapse?

As we have seen before, since the economy is very sensitive, one certainly
expects the following large deviation result:

P[T > n] < Ce ",

Clearly, Theorem 10.8 is still a distance from being complete. Further-
more, in practice, a collapse result is not expected and less useful. Now
another question arises.

Open Problem 10.10. How can one control the economy and what is the
optimal one?

To date, we have no idea how to handle this problem; we even do not
understand what kind of optimality should be adopted here.

Finally, we mention that a probabilistic exploration of Hua’s model, closely
related to the ergodic theorem used in the proof of Theorem 10.2, was investi-
gated by K.L. Chung (1995). The topic of this chapter is now explored, with
much more extension and recent references, in the book by D. Han and X.J.
Hu (2003).
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10.5 Proof of Theorem 10.4

Given i.i.d., nonnegative random matrices {A,}52 , since we are working on

the economic model
B -1 -1
mn_‘rOAl An ’

it is natural to assume that
Pldet A; = 0] = 0. (10.3)

We mainly investigate the collapse probability P[T" < oo], where T is the same
as before,

T ={n>1: there exists some 1 < j < d such that /) < 0}.

The following result is a more precise statement of Theorem 10.4.

Theorem 10.11 (Chen (1992b, Part I)). Let (Hy), (Hz), and (10.3) hold.

(4)

Given a deterministic =, > 0 with max; 1'01 =1, we have

P[T = 0] < P[R = z,].
In particular, if P[R = z,] = 0, then P[T" = oo] = 0.
Proof. (a) Write M,, = A;, - -+ Ay, [|A[| = sup; D_; |a;;| for A = (a;;), and set
M, = M,/|M?||. Note that the product M, is in a different order from that
in Theorem 10.6, from which we know that M, converges in distribution to

R*L, where R and L are independent, positive row vectors satisfying (10.2).
(b) By condition (10.3), we have || M| > 0, a.s., and so

2, > 0= o,M ' >0 < 2,M, >0, n>1.
Hence
P[T =] =Pz, >0,Vn > 1] = IP’[xOMT;I >0, Vn > 1].

Thus, we can use M, instead of M,,.
(c¢) By Skorohod’s theorem (cf. Section 2.2 or N. Ikeda and S. Watanabe

(1988, page 9)), there exists a probability space ((Nl, ;5\:, ]IN”) on which there are

M, and M such that

Mn and M,, have the same distribution for each n > 1,
M and M := R*L have the same distribution, (10.4)
M, — M asn— oo, P-a.s.

In particular,

IF’[M has rank 1} = ]P’[M has rank 1] =1.
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From these facts and the normalizing condition, it is easy to see that there
exist positive R and L, P-a.s. unique, such that M = R*L and

max R(i) =1, Y L(j)=1, Pas
J

Therefore we must have

Plu M, ' >0,Vn > 1] = PlagM, ! > 0, Vn > 1].

Thus we can ignore ~ and use the original (€2, %, P) instead of (Q, Z, ]P’), and

assume that M, converges to R*L almost everywhere, rather than conver-
gence in distribution.
(d) By (10.4), there exists a P-zero set A such that

M, — R'L as n — oo on A°.
Write z,, = moﬁgl. Fix w € A°. If
Tn(w) >0, Vn > 1,

because of the normalizing condition of 2, and M,,, there must exist a sub-
sequence {n, = n,(w)} such that

klin;o Ty, (W) = Z(w) € [0, 00]?.
But — —
xy = klgr;() (2o M, (w)™' M, ()]
= lim [7, ()7, ()]
— 5(w) L (@) R().

Combining this with the positivity of z,, L, and R, it follows that
c:=zL" € (0,00), a.s.

Furthermore, since max; zy(i) = max; R(i) = 1, we know that ¢ = 1, a.s.
Therefore we have

[T = o0] C [R = x] a.s. on A

as required. [

Finally, we mention that the condition “P[R = z,] = 0” can be removed
in some cases, as was proven in Chen and Y. Li (1994).

To conclude this chapter, let us make some remarks about the theory
of random matrices. The theory is a traditional and important branch of
mathematics and has a very wide range of applications including statistics,
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physics, number theory, and even the Riemann hypothesis. Refer to M. Mehta
(1991), V.L. Girko (1990), J.B. Conrey (2003), and references within.

Mainly, there are two topics in the study of eigenvalues. The first one is the
estimation of the first few eigenvalues, as dealt with in this book. The second
one, omitted in the book, is the asymptotic behavior of the eigenvalues. In the
context of random matrices, concerning the second topic there is the famous
beautiful Wigner’s semicircle law (1955). For its modern generalization to
operator algebras, called free probability, see D. Voiculescu, K. Dykema, and
A. Nica (1992) and E. Haagerup (2002), for instance.



Appendix A

Some Elementary Lemmas

This appendix is an extension of Chen (1999¢). Lemma A.1 below with m = 1
generalizes a result that appeared in Y. Li (1995). It is essential in our applica-
tions that the functions ¢ and/or ¢ below are not required to be nonnegative.

Lemma A.1. Let u, ¢: [a,b] = R™, ¢ : [a,b)] = R™ @ R™, and G : U — R™
for some open U C R™. Denote by “<" the ordinary partial order in R™.
Suppose that the following conditions hold:

(1) w is absolutely continuous.

(2) The derivative matrix DG is continuous, nonnegative, and invertible.

(3) Range(u) C U and H(a,t) € Range(G) for all ¢ € (a,b), where H(a,t) is
the unique solution to the linear equation v'(t) = () + ¢ (t)v(t), a.e. t. If
Y(t)Y(s) = P(s)y(t) for all t and s, then we have the expression

H(a,t)=exp {/atz/;(s)ds} <G(u(a))+/atexp { /:@p(g)dg} ga(s)ds).

(4) W'(t) < (DG) " (u(t))(p(t) + ()G (u(t))) for ae. t € (a,b).

If (i) ¢ is diagonal, or (ii) 9 is nonnegative and bounded on finite intervals, then
we have u(t) < G7*(H(a,t)) for all t € [a,b), where G~ is the inverse function
of G. Equality holds if it does in (4).

Proof. By the assumptions on G, the inverse function G~ not only exists but
also is continuously differentiable. Because DG is nonnegative, G is increasing
with respect to “<”. Thus, by (3), it suffices to show that

Gu(t) < H(a,t),  te[ab).
The idea is to make a change of variables, reducing to the solvable linear

case. Define v(t) = G(u(t)). In view of (1), v'(t) = DG(u(t))u'(t) for a.e. t.
Then, by (2) and (4), we obtain the linear form v < ¢ + Yw, a.e.t. Next,
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set w = exp[—V]v, ¥ = [* 1. In case (i), since 1 is diagonal, it follows that
exp[— V] is nonnegative, and hence w’ < exp[—¥]yp, a.e.t. By integration, we
get an upper bound of w, and then assertion (i) follows, since exp[¥] is also
nonnegative. At the same time, we obtain the expression for H whenever
Y(t)Y(s) = ¥(s)Y(t). For case (i), assume b < oo and let Adv = [ v,
b = fa. p, and Bv = ® + Av. Since ¢ > 0, B is order-preserving, v < B™v.
Next, since v is bounded, the spectral radius r(A) = 0. Therefore A™ — 0
and B"v = Y020 A*® 4+ A" — (I — A)"'® = H as n — oo, since H is
the unique fixed point of B. Actually, this is a consequence of the abstract
Grownwall lemma (cf. E. Zeidler (1986, Proposition 7.17)). O

Corollary A.2 (Exponential form). Let u, ¢, ¢, and H be the same as in
Lemma A.1 with G(u) = u. If u/(t) < (respectively, =) p(t) + ¢ (t)u(t) for a.e. t,
then we have for all ¢ € [a,b), u(t) < (respectively,=) H(a,t).

Proof. For G(u) = u, we have DG = I, and so (DG)"'=1. O

From now on, we consider m = 1 only. We may and will assume that
G(u) = [ 1/g for some g > 0. Then condition (4) takes the following form:
0

u'(t) < g(u(t)) (@(t) + v ()G(u(t))) for a.e. t € (a,b).

If moreover ¥ = 0, then an alternative proof of Lemma A.1 goes as follows:

u(t) s u(t) s t o (s
Gty = [ S atwan+ [ 2 = Gt + [ g,

. 9(s) u(a) 9(s g(u(s))

Remark A.3. (1) When m = 1, ¢ = 0, condition (4) is equivalent to the
integral form wu(tz) — u(ty) < :12 o(s)g(u(s))ds, t1,ta € [a,b), ta > t1. This
means that condition (4) is stronger than the above integral form with fixed
tl = a.

(2) A related result is due to I. Bihari (1956): Let m = 1. If ¢ > 0, g is

nondecreasing, and u(t) < C' + fat w(s)g(u(s))ds, t € [a,b), for some constant
O, then u(t) < G~ (G(C) + ! <p(s)ds) for all ¢ € [a, b).

Denote by U(t) the right-hand side. Replacing u(t) by sup,<s<, U(s), one
can assume that w(t) is continuous and nondecreasing. Then replacing a with
inf{t > a : u(t) > C}, one can also assume that u(t) > C for t > a.

The proof of the result goes as follows. Set w(t) = C + fat w(s)g(u(s))ds.
Then u(t) < w(t) and w'(t) = ¢(t)g(u(t)) > 0. Furthermore,

- u(t)g w(t)g_ U’(t)g_ ¢ w’(s)
G(u(t))_/u () S /uo g9(s) _G(CH/w(a) g(s) _G(O)+/a g(w(S))ds

(0]
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Corollary A.4 (Algebraic form). Let u be nonnegative, absolutely continuous
with 4(0) > 0, let ¢ > 0, p and ¥ be locally integrable. If

u'(t) < —@t)u(t)? + (t)u(t) for a.e. t on (0,0)

and some p > 1, then we have for ¢t > 0,

<exp{/¢ H 0P+ (p— 1)/texp{p 1) %/1 dé} p(s)d Ti

where 1/p + 1/q = 1. Equality holds if it does so in the assumption.

Proof. Note that one can reduce to the case that ) = 0. If v’ < —pu? + u
a.e. for some p # 1, then w := exp[ fo }u is nonnegatwe, absolutely
continuous, w(0) = u(0), and satisfies w’ < —pexp [(p — 1) [; ¥]w? =: vw?,
a.e.

If to := inf{t > 0 : w(t) = 0} < oo, we claim that w(¢t) = 0, and so
the estimate becomes trivial for all ¢ > t3. Otherwise, suppose that there
is a to > 0 such that w(tz) > 0. Let t; = sup{t € [to,t2) : w(t) = 0}.
Then w(t1) = 0 by the continuity of w and the initial condition w(ty) = 0.
Clearly, top < t; < tg and w( ) > O for t € (t1,t2). Thus, by assumption,
0 < w(ts) ft ft s)Pds < 0, which is a contradiction.

For sunph(tlty, assume that to = oo, and so w(t) > 0 for all ¢. Take
(a,b) = (0,00) = U and g(z) = aP. Then

G(u):/ x Pdr = ! (u'"? —e'"?)

and

G (w) = 7 (1= pul /) = 17 (1 pult
Hence by Lemma Al with m = 1, v = 0, and ¢ = v, for sufficiently small
e > 0, we have

We remark that the corollary is meaningful for general ¢ and p # 1 within
the interval for which the estimate is positive, provided u is assumed to be
positive. The conclusion can be deduced directly from Corollary A.2 using
the transform w = u'~?/(1 — p).
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Corollary A.5. If a function u > 1 satisfies u/(¢) < 1(¢t)u(t) logu(t) for a.e. t
on [a,b), then
u(t) < u(a)®Plev®dsl ¢ e g p).

In particular, when ¢ (t) = 1/(¢t(1 — bt)) on [a,b), we have
u(t) < u(a)?=a0)/a=t 4 e 4 b).
Proof. The main assertion follows from Lemma A.1 with m =1, ¢ =0, and

g(x) = (ug = 1) or from Corollary A.2 using the transform u — logu. The
particular case then follows from

1 1 b
vls) = s(1—bs) s 1—bs
t
1—
/ P(s)ds=logt —loga —log(1l — bt) + log(1l — ab) = log 75((176;)(3_ O
a afl —

For the remainder of this part, we consider a Markov semigroup {P(t) }+>0
with weak operator 2 having domain

d
D(2) = {f : &P(t)f(x) = P()Qf(z) for all z € Fand ¢t > O}.
The next two results describe the exponential or algebraic decay of the semi-
group in terms of its operator.

Lemma A.6 (Exponential form). Let f € 2,,(2) and « > 0 be a constant.
Then P(t)f < e—Lf iff Qf < —af.

Proof. Let f; = P(t)f. Then f/ = Pt)Qf < —aP(t)f = —af:. The
sufficiency now follows from Corollary A3. The necessity follows from
b)) f

. — ] . € 1
— A . [ .

—at

Lemma A.7 (Algebraic form). Fix p > 1. Let f € 2,,(R?), f >0, and C >0
be a constant. Then P(t)f < [f1™P + (p — 1)Ct' = iff Qf < —CfP, where
1/p+1/qg=1.

Proof. Again, let f; = P(t)f. Then f/ = P(t)Q0f < —CP(t)(f?). However,
by the Holder inequality, P(¢)(fF) > (P(t)f)?. Hence f, < —CfF. The
sufficiency now follows from Corollary A4. Next, note that p — 1 = p/q and
g — 1 = g/p. The necessity follows from

POf=f . 700 i
t 50 t
=lim(1—q)(p — DO 7+ (p—1)C1] " = —Cfa*~

——Cfr. O

0f = i



Appendix B

Examples of the Ising Model
on Two to Four Sites

This appendix introduces some ideas for reducing the higher-dimensional or
graphic cases to dimension one, based on the symmetry of the model, to
estimate the spectral gap of Markov chains by couplings. As an illustration,
we compute the spectral gap for the Ising model on two, three, or four sites.
The discussions here show, as in Section 3.4, that an effective estimation
depends on not only the couplings but also the choice of “distance.” Such a
choice becomes even more serious in higher dimensions. Clearly, the discrete
world is still largely open.

Some idea of this appendix appeared in the review [MR: 1768241 (2002b:
60129)] of the paper by K. Burdzy and W.S. Kendall (2000).

For the study on the spectral gap and logarithmic Sobolev inequality for
the original Ising model and other statistical models, refer to the publications
listed at the end of Chapter 9.

B.1 The model

Let S = {1,2,...,N}, N = |S] < co. Regard S as a circle such that the
distance between 0 and N is equal to one (nearest neighbor). Consider a
time-continuous Markov chain, which jumps at each site v € S with flip rate
from n, to —n, as follows:

c<u,n>=exp[—ﬁ 3 n<u>n<v>] wes, e {-1,11)5.

vilv—u|=1

The jumps at different sites are assumed to be independent.
We are interested in estimating or computing the spectral gap (or the first
nontrivial eigenvalue) A; of the chain by coupling. Here we compute \; for
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|S| = 2,3,4. Note that in the last case, the state space consists of 16 points,
and so a direct computation seems impossible.

In the next section, we explain the role played by the symmetry of the
eigenfunction and compute A; in the case of two sites. In Section B.3, we
introduce a reduction procedure and compute A; in the case of three sites.
The model with four sites is treated in Section B.4, in which a modification
technique is explained.

B.2 Distance based on symmetry: two sites

To illustrate the idea clearly, we begin with the simplest case, |S| = 2. Label
the state space as in Figure B.1.

@:(_151) @:(1’1)

@Z(_la_l) @Z(L_l)
Figure B.1  The state space

Starting from (), after one jump, we arrive at @) or (). The next jump goes to
@. Half of the transition rates are given in Figure B.2. To get the transition
rates for the opposite direction, simply exchange e*? and e¥7. This figure
indicates the symmetry of the model.

However, we would like to consider a simplified model as shown by Figure
B.3. In other words, we regard @) and () as one class in the sense of having
distance zero. The transition rates are the same as those given in Figure B.2.

®e<_ﬁ:@%~@ ® 9@ @
e @//Bv @

Figure B.2 The rates of transition  Figure B.3 A distance on the graph

_As explained in Chapter 1, we need only to construct a coupling operator
Q and a distance p. Our result says that if

Qp(n1,m2) < —ap(ni,n2), m # 12, (B.1)

then we have \{ > «.
We now define the distance between (D) and @), as well as 2 and @), to be
the same z > 0 (by symmetry). Actually, one may simply set 2 = 1 because
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of the homogeneity of (B.1). Thus, the distance between () and @ equals 2.
Next, we define a coupling as follows.

e When the two processes start from @) and @), respectively, we adopt
the basic coupling. In tabular form, we have

(@,@ — (B 0 atrate e PreP=eF
— (@, @) atrate e Pre P =eF.

Thus, _
(D, @) =270 —-2) = —4e ", (B.2)

e When the two processes start from () and ), respectively, for the jumps
D — @ (the first component) and @ — @ (the second component), let
the two components jump independently; for the jumps @ — @ (the
first component) and @ — @ (the second component), we adopt the
coupling by marching soldiers (that is, the term {---} in (B.3) below).
In tabular form, we have

(@, @ — (@@ atrate e’
— (@, @) atrate e™?
— (@, @) atrate ePAhe P =¢F
— (@, @) at rate (eﬁ — 6—5)"’_ — B _ B,
Then
ﬁp(®7@) = (66 + 6_5)(0 — 1) —+ {6_6(1 _ 1) + (65 - 6_6)(2 - 1)}
=2 (B.3)

e For the other cases, due to the symmetry again, one can define the
coupling as above.

Inserting (B.2) and (B.3) into (B.1), it follows that the largest « is equal to
2¢= 7. Hence, \; > 2¢~P for this modified model.

We now return to our original model. The distance is chosen to be the
same as in Figure B.3, except for the distance between @) and @), which is
set to be an arbitrarily small € > 0. Besides, we need to modify the coupling
by adding the case that the two processes start from 2) and ), respectively.
For this, we adopt the basic coupling or the coupling of marching soldiers:

(@, — (@O O atrate e?ref=ef
— (@, @) atrate ef AeP =eb.
Thus, B
00(@, @) =2°(0—¢) = —2e” < —26"p(@), B). (B.4)

Combining this with (B.3), (B.2), and (B.1), we still get A > 2e~7, which is
indeed exact. Actually, for this example, the four eigenvalues are the following:

0, 26_26, 2626, 2(6_25—1—6_25).
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One may feel strange in first looking at the last distance p(@,®) = e.
It is clearly different from the geometric distance in the graph. However,
this distance is quite natural, due to the symmetry of the eigenfunction of
A1. More precisely, the eigenfunction of A; has the same value at @ and Q).
For this, one may say that the potential (eigenfunction) has three levels. We
define the distance according to the levels. Note that we do not really need
to prove this property of the eigenfunction for this specific situation, because
of the “c technique” used above. Unfortunately, this technique does not work
in general. For this, we need more work, as explained in the next section.

B.3 Reduction: three sites

Consider a general Markov chain with finite state space E = {n,(,§,...}.
Let g be a fixed eigenfunction (eigenvector) of A (it may have multiplicity).
Define a partial ordering on E as follows:

n<n forallne E and (B.5)
if 7 # ¢, then n < (iff g(n) < g({). (B.6)

Next, let ¢ > 0 be symmetric and satisfy

e(n,¢) =0 iff g(n) = 9(C).
Since ¢ is not a constant, we have ¢ # 0.

Proposition B.1. (1) If there exists a coupling process 15t such that

Pp(n,0) < p(n,Q)e™, >0, (B.7)

for some n < ¢, n # ¢, then \; > «.

(2) If the Markov chain is monotone with respect to the partial ordering, then
the assumption of part (1) holds with ¢(n,¢) = |g(n) — g({)| and a = A1.
Actually, (B.7) holds for all n < ¢ and ¢ < 7.

(3) If there are a coupling operator Q and a constant « > 0 such that

Qp(n,¢) < —ap(n,¢) forall nand ¢, (B.8)

then the coupling process P, determined by Q satisfies (B.7) for all 7 and
C.

Proof. Part (3) of the proposition is standard. The proof of part (1) is very
much the same as those given in Section 1.2. First, we have seen that

E"g(ne) = g(n)e ™', ¢t>0,n€E.
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Fix n # ¢, n < ¢. Then

e M g(n) — g(O)] <E™|g(m) — g(&)]
(§2)]

)
9(6) —
S [ P &.6)

g ~
E™C (. ¢
ge)2a(6) P&, 82 } (16, Gt)

N

[ oy L))

, 7o<t' B.9
g(&1)#£g(&) P 1,62) }90(77 Qe (B.9)

Since g(n) # g(¢), we have p(n, ) # 0. Letting ¢ — oo, it follows that A\; > «
To prove part (2), by Theorem 2.35(2), there exists an order-preserving

coupling F?’C such that

Pl <G Ve 00=1, n<C (B.10)

We now fix 7 # ¢, n < ¢. Then for ¢(n, () = [g(n) — g(¢)], we have
0< e Mo(n, Q) =e M (g(¢) — g(n))
= ESg(C) — E"g(n) = E" [9(¢:) — g(ne)]
—E™ [9(¢) —g(ne) = me < ¢
=E" o(m, ). (B.11)

Thus, (B.7) holds for alln < (. O

Before moving further, let us make some remarks on condition (B.8). For
a monotone process, from (B.10), it follows that

Qp(n,¢) = lim — {Enc N *@(%C)}

t—0 t
1
= lim (e = 1)(n.0)
=-Xip(n,¢), n=<<¢ (B.12)

Thus, (B.8) holds with a = Ay for all n < (. When g(n) = ¢({), as in (B.11),

we have

0= Mp(,0) =E" [9(¢) — g(m)]
- En’c I:QD(T}IH Ct)l[’flt ‘<<t]] - En’c [@(nh Ct)I[Ct '<7]tﬂ . (Blg)

The two terms on the right-hand side of (B.13) may not vanish, since an
order-preserving coupling does not provide any information about the partial
ordering of (n;,(;) when started from (7, () with g(n) = g(¢). What we can
get from (B.13) is the following relation:

QeIp)(n,¢) = QUelp)(n,¢)  whenever g(n) = g(C), (B.14)
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where F' = {(n,{) : n < ¢} and F' = {(n,¢) : ¢ < n}. On the other hand,
in order to estimate P;p, we need to estimate Qp(n, () for all n and ¢. Note
that condition (B.8) implies that

Qo(n,¢) =0 for all n and ¢ with g(n) = g(¢). (B.15)

Remark B.2. Let P, be monotone. Suppose that there exists a coupling
operator € satisfying (B.15). Then there exists a coupling satisfying (B.8)

with ¢(n,¢) = |g(n) — g(¢{)] and o = A;.

Proof. As mentioned before, there is an order-preserving coupling Q such
that (B.12) holds for all < ¢ and symmetrically for all n < ¢. Reconstruct
a coupling operator Qneyw as follows:

Qf(n.Q)  ifn=<Cor¢=mn,
Qf(n,¢)  ifg(n) = g(Q).

By (B.12) and (B.15), it is clear that (B.8) holds. Furthermore, it is not
difficult to check that Qnew is an order-preserving coupling operator. [

ﬁNewf("77 C) = {

The proof given in Section B.2 with ¢ = 0 illustrates an application of
Remark B.2 and Proposition B.1. Note that (B.2) and (B.3) give us the same
solution. This is due to the freedom in the eigenequation

Qg =—M\g, (B.16)

again based on the symmetry of the model. This leads to a reduction proce-
dure that we are going to discuss.

Let (¢(n,¢) : n,¢{ € E) be an irreducible Q-matrix with finite state space
E. Denote by rg < -+ < 1, the values of a fixed eigenfunction g of A;.
Note that the values of g have different signs, the order of {rg,...,r;,} is
well defined, and m > 1. However, the values {ro,...,r,} are determined
by g up to a positive constant only. We may renormalize g according to our
convenience.

Proposition B.3. Given g as above, set E; = {n: g(n) =r;}, 0 < j <m and
define

G =min > an.Q), i 0<ij<m. (B.17)
'CEE;

Suppose that (g;;) is reversible and denote by \; its spectral gap.

(1) If
S (X d0n0 - ) (0 ~0) =0, ne B 0<i<m, (Bas)
j#i NCEE;

then A\ > ).
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(2) If additionally, there exists a strictly increasing eigenfunction (g;) of A; such
that

Z(ZQ(naC)_Qij>(gj_gi)=0, neFk;,0<i<m, (B.19)

j#i CEE;‘

then Al = Xl.

Proof. For the given g(n), let g; = r;, which is the common value of ¢g(n) for
n € E;. Starting from the eigenequation (B.16), we have for each n € E;,

—Migi = =Mg(n) = Qg(n) =Y a(n,¢)[g(¢) — g(n)]

I
<
10V
4 L)
—~
=
I
~
=}
—~
I
N
|
R}
—~
=
=

=0 (EE;
= Z},Ig%l qa(n,Q)g(¢) —g(n)]  (by (B.18) and (B.17))
j=0 ‘CeE;
=S (g~ ) (by (BI7), 0<i<m.
i

Since (g;) is not a constant and (g;;) is reversible, this implies that A; > A;.

Conversely, let (g;) be a strictly increasing eigenfunction of A; and define
g(n) = g; for all n € E;. Then the above proof, replacing g with g, shows that
A1 > A1. Therefore, we must have A\; = A;. O

Applying the result to the Ising model on two sites, we get

Qo1 = G21 = 2¢7 7, Gi2 = g1 = €.

As in Section B.2, the distance on {0, 1,2} is chosen to be
p(0,1) = p(1,2) =1 and p(0,2) = 2.

Note that birth—death processes are always reversible and the eigenfunction
of )1 is strictly increasing (cf. Proposition 3.4 given in Section 3.7). Since the
basic coupling QO of (Gi;) is order-preserving, the analogue of (B.12) for (g;;)
with (i, j) = p(i, j) = |9; — gil;

holds for this coupling. Now, because the distance is explicit, there is only one
unknown variable A; in (B.20). We need only consider the coupling starting
from (0, 1). Using the basic coupling, we get

2e (0 —2) = —2)\;.
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That is, \; = A\; = 2e~7 as expected. We point out that in the computation of
(B.20), one may adopt different couplings (the classical coupling for instance),
only the order preserving property is essential.

We are now ready to study the model with three sites. Label the state
space as follows:

1,f1,f1) ®
1,-1,1), ®=(1,-1,1),
L1 @

®

» )
? ’ )

Half of the transition rates are as shown in Figure B.4.

@
@
©)
@=1,-

(=
(=
(=
(

P
v S © ®
| @ o
R RS S S B
0 1 2 3

Figure B.4 Ising model on three sites

The eigenfunction g has four levels. The transition rates from level i to
i+1 (or from i to i — 1) are =28, 1, and 2. Thus, we have a Q-matrix (g;;)
on {0,1,2,3} as follows:

28

Gor =3¢, G2 =2, Gz =€’

Symmetrically,
32 =3¢ 0 @1 =2, quo=e"

Otherwise, ¢;; = 0 for all ¢ # j. By symmetry, we can define a distance on
{0,1,2,3} as follows:

p0.1)=p(2,3)=1,  p(1,2) =2 >0,
Conditions (B.18) and (B.19) are trivial for this example. Because there are

two variables A; and x only in (B.20), we need to compute two starting points
of an order-preserving coupling.
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When the starting point is (0, 2), we adopt the coupling by (inner) reflec-
tion,

e (x—2—1)= -\ (2+ ).

That is, -
6e 2" = X\ (2 + ). (B.21)

When the starting point is (0, 1), we adopt the classical coupling,
(B +e*)(0—1)+2(+1-1)=—A; x L.

That is, )
3e7 428 — 20 = A, (B.22)

Combining (B.21) with (B.22), we obtain the solution

1
A=A = 5{3672& + 442 — \/(36*2[3 +44 625)2 — 4828 }

The eigenvalues of this example are 0, A1, 3e™27 + €5, 1 + € (multiplicity
2), 3+ ¢4 (multiplicity 2), and

1
5{36_26 +4+e% 4 \/(36—25 +4+ 625)2 — 48e—28 }

B.4 Modification: four sites

Consider the Ising model on four sites. Label the state space as follows:

O=(-1-1,-1-1), O=(L11- ),
@=(1,-1,-1-1), ©=(-1,1,-11),
®=(-1,1,-1,-1), Q= (-1,-1, 1 1)
@=(-1,-1,1,-1), @ =(1,1,1,-1),

®=(-1,-1,-1,1), G =(1,1,-1,1),

®=(1,1,-1,-1), @ =(1,-1,1,1),

®=1,-1,1,-1), ® =(-1,1,1,1),

®=(1,-1,-1,1), @ = (1,1,1,1).

The structure of the transition rates is marked in Figure B.5. The transition
rates from level 0 to level 1 are all equal to e~2?; the ones from level 3 to
level 4 are all equal to e??. The rates from level 1 to level 2 are all equal to
1, except the dot directions, which have rates e=27. Similarly, the rates from
level 2 to level 3 are all equal to 1, except the dot directions, which have rates
e?%. Once again, by exchanging the rates e*2% with e¥29, we get the rates
for the opposite transitions from level 4 to level 0.

To analyze this model, first we claim that for the eigenfunction g with
lowest level 0 at site (I), there are five levels only. It is clear that the states
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@), @, @, and O should be located at the same level, and similarly for the
states @, @3, @, and @) . It is also clear that states @), @), 9), and @ should
be located at the same level, but it is not obvious why the states (7) and {0
should be. Suppose that g(®) < ¢g((). That is, the potential at (7) is higher
than that at 6. Thus, if we start from (), then the level of (?) should be
located on the right of the level of ). However, by symmetry, if we start
from @6, then the level of (7) should be located on the left of the level of ).
This contradiction shows that @ and (7) should be located at the same level.
Similarly, the same conclusion holds for state (0.

Figure B.5 Ising model on four sites

Note that the partial ordering used here is different from the ordinary one,
for which the states @ and @ are not comparable.

Next, we discuss condition (B.18) given in Proposition B.3. Note that the
sums of transitions from ) and (7) are different. For this, we modify all of the
transition rates from (7) and @0 to be 1, the same as the transition rates from
the other states at level 2. This is based on the following observation. Since

9(@) — 9(©®) = 9(®) — 9(@), we have
> (@@ - 1)(9(0) - 9(@) = 0.

(€EEL\UE3

Therefore, the modification does not make any change in the solution to the
eigenequation. This leads to condition (B.18). Actually, in the present si-
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tuation, g((®) = 0 by symmetry, so we can use any symmetric rates we want
for the transitions from level 2 to level 1 and level 3. Thus, we obtain a
Q-matrix on {0,1,...,4} as follows:

Gor =4¢7 %, Gua=2+e Goz=2, Ga1=e",

and by symmetry,

Gaz =42 G =24+e¢P G1=2, Gio=¢e*".

A distance on {0,1,...,4} is defined in Figure B.5, where only one variable,
x, is used. For the same reason explained above, (B.19) holds.

We now compute A\;. When the starting point is (0,4), we adopt the
coupling by reflection

4e72P(2z — 20 — 2) = =\ (2 + 2).

That is, )
47 =\ (1 + ). (B.23)

When the starting point is (0, 1), we adopt the classical coupling
(e +e)0-1)+ 2+e ) +1-1)= -\

That is, -
47 4 ¥ — (24 e )z = Ay, (B.24)

Solving the equations (B.23) and (B.24), we finally obtain

Mo=A = %{55%’ 424 e /(56720 12+ ¢28)% — 16(c=1% + 2) 3

Remark B.4. Note that the three examples discussed so far are all of birth—
death type. In general, if the reduced (g;;) is a birth-death @-matrix, then
we can apply Theorem 5.7 to estimate A; for the original process.

Finally, we mention that some different approaches to estimating the con-
vergence rate are presented in P. Diaconis and D.W. Stroock (1991), J.A. Fill
(1991), F.R.K. Chung, A. Grigoryan and S.T. Yau (1997), R. Bhattacharya
and E.C. Waymire (2001), N. Madras and D. Randall (2002), D.B. Wilson
(2004). For infinite-dimensional path spaces, see S.Z. Fang (1994) and F.Z.
Gong and L.M. Wu (2000). For higher eigenvalues, see M.S. Ashbaugh (1999)
and M. Levitin and L. Parnovski (2002), and references within.
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